The ${\cal N}=4$ Coset Model and the Higher Spin Algebra by Ahn, Changhyun et al.
ar
X
iv
:1
91
0.
02
18
3v
2 
 [h
ep
-th
]  
26
 N
ov
 20
19
The N = 4 Coset Model and the Higher Spin Algebra
Changhyun Ahn†, Dong-gyu Kim† and Man Hea Kim†⋆
† Department of Physics, Kyungpook National University, Taegu 41566, Korea
⋆ Institut fu¨r Theoretische Physik, ETH Zurich, 8093 Zu¨rich, Switzerland
ahn, ehdrb430, manhea@knu.ac.kr
Abstract
By computing the operator product expansions between the first two N = 4 higher spin
multiplets in the unitary coset model, the (anti)commutators of higher spin currents are ob-
tained under the large (N, k) ’t Hooft-like limit. The free field realization with complex bosons
and fermions is presented. The (anti)commutators for generic spins s1 and s2 with manifest
SO(4) symmetry at vanishing ’t Hooft-like coupling constant are completely determined. The
structure constants can be written in terms of the ones in the N = 2 W∞ algebra found by
Bergshoeff, Pope, Romans, Sezgin and Shen previously, in addition to the spin-dependent
fractional coefficients and two SO(4) invariant tensors. We also describe the N = 4 higher
spin generators, by using the above coset construction results, for general super spin s in terms
of oscillators in the matrix generalization of AdS3 Vasiliev higher spin theory at nonzero ’t
Hooft-like coupling constant. We obtain the N = 4 higher spin algebra for low spins and
present how to determine the structure constants, which depend on the higher spin algebra
parameter, in general, for fixed spins s1 and s2.
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1 Introduction
The large N = 4 holography in [1] has been proposed by constructing the matrix gener-
alization of the Vasiliev higher spin theory on AdS3 [2, 3] and comparing it with the two
dimensional minimal model conformal field theories with large N = 4 superconformal sym-
metry. The motivation for this proposal is based on the fact that the non-abelian version
of Vasiliev higher spin theory might give some hints or evidences for the better description
of type IIB string theory on the AdS3 space where the internal seven space is a product of
two three spheres and one sphere. In this way, the oscillator deformation parameter in the
AdS3 bulk theory plays the role of the free parameter of the above large N = 4 supercon-
formal algebra. The complete dual conformal field theory is not known as far as we know.
The emergence of higher spin symmetry has not been fully clarified from the view point of
type IIB string theory, although there are some recent works in [4, 5, 6, 7, 8], where one
observes that the infinite tower of modes becomes massless (in the tensionless limit). One of
the findings in [1] is that the spin contents with their multiplicity in the higher spin algebra
of the Vasiliev higher spin theory, which contains an exceptional superalgebra D(2, 1| λ
1−λ
) as
a subalgebra, are found 1. That is, there exist seven spin one fields and eight fields of spin
s = 3
2
, 2, 5
2
, 3, 7
2
, · · ·. However, the complete structure of the N = 4 higher spin algebra (i.e.,the
(anti)commutators of N = 4 higher spin generators) is not obtained so far. This fact allows
us to further study this large N = 4 holography more closely and is one of motivations of the
current paper.
One way to observe the presence of the higher spin algebra (or its symmetry) is to study
its two dimensional dual conformal field theory, where the affine Kac-Moody algebra can
be obtained by using the adjoint spin-1, 1
2
fields. In [9], by writing down the (higher spin)
currents in terms of these fields living in the N = 4 superconformal coset model, the operator
product expansion (OPE) between the lowest (or first) N = 4 higher spin multiplet and itself
of WN=4∞ [λ] algebra (in the notation of [10]) is determined. See also the relevant works in
[11, 12, 13, 14, 15]. Note that the currents of the N = 4 (linear) superconformal algebra
become the ones of exceptional superalgebra D(2, 1| λ
1−λ
) (described by nine bosonic and eight
fermionic generators), when the “wedge” condition is imposed. The next (or second) N = 4
1See also (7.2) for the precise relation between the ’t Hooft coupling constant λ and the higher spin algebra
parameter µ (or ν).
3
higher spin multiplet occurs in the right hand side of the above OPE.
We need to further compute the operator product expansions between these two N = 4
higher spin multiplets in order to obtain the corresponding higher spin algebra, the
(anti)commutators of N = 4 higher spin generators, which can be determined by taking
large (N, k) ’t Hooft-like limit together with the wedge condition, precisely.
We observe that the additional two (or third and fourth) N = 4 higher spin multiplets
arise in this construction.
In [10], the free field construction at λ = 0 for the large N = 4 holography with WN=4∞ [λ]
algebra [1] is described by using 2N -free complex bosons which transform as bifundamental
(N, 2¯)⊕ (N¯, 2) of U(N)×U(K) with K = 2 and 2N -free complex fermions which transform
similarly under the U(N)×U(L) with L = 2. See also similar construction described in [16].
Note that in the N = 4 superconformal coset model, the numerator of the coset contains
SU(N+2), while the denominator of the coset contains SU(N). By taking the U(N) invariant
combinations [16, 10] of these fields, the higher spin currents can be determined as follows.
1) The four-(higher spin)currents of integer spins s = 2, 3, 4, · · · transforming as an adjoint
representation of the U(K = 2) Chan-Paton factor are obtained from the above bosons. 2)
Other four-(higher spin)currents of integer spins s = 1, 2, 3, · · · transforming as an adjoint
representation of the U(L = 2) Chan-Paton factor can be determined from the fermions.
Note that the bilinears of the bosons start at spin s = 2, contrary to the ones of the fermions,
which can start at spin s = 1 2. By construction, there are only four spin-1 currents, compared
to the field contents in the first paragraph. Note that the higher spin-1 current belongs to one
of these spin-1 currents. 3) The four-(higher spin)currents of half-integer spins s = 3
2
, 5
2
, · · ·,
which transform as bifundamental representation (2, 2¯) of the U(K = 2) × U(L = 2), are
obtained from the above bosons and fermions. 4) Finally, other four-(higher spin)currents
of half-integer spins s = 3
2
, 5
2
, · · · transform as bifundamental representation (2¯, 2). The
(anti)commutators between the N = 4 (higher spin) currents are obtained for low spins [10].
It is natural to ask whether one can determine these (anti)commutators for two higher
spin currents of general spin s1 and s2 in the WN=4∞ [λ = 0] algebra. Some time ago, Odake in
[18] found the extended super algebra, where its generators with the particular level condition
are written in terms of bilinears of the free complex bosonic and fermionic fields. The bosonic
subsector is given by the sum of bothWK∞ algebra [19] andW
L
1+∞ algebra [20] (in the notation
of [18]). See also the relevant works in [21, 22, 23, 24]. As described in previous paragraph,
2By realizing the recent work of [17], it is an open problem to check whether the spin-1 current can be
added or not in the free field construction.
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the K-free complex bosons (U(N) singlet) transform as the (anti)fundamental K¯⊕K of U(K)
and the L-free complex fermions (U(N) singlet) transform as the (anti)fundamental L¯ ⊕ L
under the U(L), in the notations of [10]. In the context of [10], we can interpret that the
complex free bosons give rise to W∞[1] algebra, whose wedge subalgebra is a bosonic higher
spin algebra hs[1] at λ = 1, while complex free fermions produce W∞[0] algebra, whose wedge
subalgebra is a bosonic higher spin algebra hs[0] at λ = 0, after decoupling the spin-1 current
[25]. See also [26]. The K2-(higher spin)currents of integer spins s = 2, 3, 4, · · · transform
as an adjoint representation of the U(K) and are obtained from the free bosons. Similarly,
the L2-(higher spin)currents from the free fermions of integer spins s = 1, 2, 3, · · · transform
as an adjoint representation of the U(L). Moreover, the 2KL-(higher spin)currents of half-
integer spins s = 3
2
, 5
2
, · · · transform as bifundamental representation (K, L¯) ⊕ (K¯,L) of the
U(K)×U(L), which can be obtained from the free bosons and fermions. The seven nontrivial
(anti)commutators of N = 4 (higher spin)multiplets are given in terms of a generalized
hypergeometric function and some polynomials in the modes explicitly 3.
In this paper, we observe that the free field construction in [10] (and the higher spin
currents with K = L = 2) provide the manifest SO(4) symmetric (anti)commutators in
the WN=4∞ [λ = 0] algebra (with arbitrary spins s1 and s2) together with the structure
constants found in [24, 18]. In obtaining them, the coset results are very crucial.
What happens for the case of nonzero λ? For the nonzero ’t Hooft-like coupling constant
(λ 6= 0), we expect that the N = 4 higher spin algebra can be constructed by oscillators
studied in [2, 3]. In order to obtain this (unknown) higher spin algebra, we should resort to
the (anti)commutators from the higher spin currents of WN=4∞ [λ] algebra in two dimensional
conformal field theory by imposing the “wedge” condition together with the infinity limit of
central charge (or infinity limit of N). Then all the nonlinear (and some linear) terms in
WN=4∞ [λ] algebra vanish and we are left with linear terms in the (anti)commutators. For the
case of WN=2∞ [λ] algebra (in the notation of [10]), the N = 2 higher spin algebra for any
spins s1, s2 is found in [27]. See also the relevant works in [28, 29]. According to [30], the
generators of wedge subalgebra ofWN=2∞ [λ] algebra match with the ones of the N = 2 higher
spin algebra [27]. See also relevant works in [31, 32, 33, 34, 35, 36]. It is straightforward to
construct the generators satisfying the N = 2 higher spin algebra shs[λ] for generic λ from
the viewpoint of oscillators by focusing on the (anti)commutators of the wedge subalgebra of
WN=2∞ [λ] algebra 4. Eventually this will lead to the findings in [27]. However, for the large
3In this paper, we mainly focus on the K = L = 2 case associated with the large N = 4 holography.
4The bosonic subalgebra of N = 2 higher spin algebra shs[λ] contains the two bosonic higher spin algebras,
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N = 4 holography associated withWN=4∞ [λ] algebra with nonzero λ, there is no known higher
spin algebra (as far as we know) from the beginning. We will observe that the subalgebra
of this N = 4 higher spin algebra shs2[λ] (in the notation of [10] with K = L = 2) should
contain the N = 2 higher spin algebra shs[λ] in [27] because the wedge subalgebra ofWN=4∞ [λ]
algebra contains the one of WN=2∞ [λ] algebra 5. Although there are oscillator construction in
[10] for the N = 4 higher spin algebra, the explicit expression for this algebra is not known 6.
We try to obtain the N = 4 higher spin generators with the help of oscillator formalism in the
context of the matrix generalization of AdS3 higher spin theory by using the corresponding
(anti)commutators ofWN=4∞ [λ] algebra in the two dimensional conformal field theory, via the
large N = 4 holography.
In this paper, we explicitly calculate the s-th N = 4 (higher spin)generators in terms of
oscillators. We provide how to determine the (anti)commutators of the N = 4 higher
spin algebra shs2[λ] for fixed spins s1 and s2.
We can write down the possible terms of the right hand side of the (anti)commutator.
Then by using the general formula of the higher spin generators we explained above, we can
express the (anti)commutator with unknown coefficients which depend on the λ together with
mode dependent factors (that can be obtained from the λ = 0 case). If the spins s1 and s2 are
small, then we can do this computation by hand using the defining relations of the oscillators
with the 2 × 2 matrix manipulations. However, the spins s1 and s2 become large, then this
computation by hand is rather tedious and is not possible to express the (anti)commutator
in closed form, although we can obtain the full expressions. We will provide how to gener-
ate λ-dependent structure constants appearing in the right hand side of (anti)commutator
systematically, although the closed form for these structure constants is not known in this
paper.
In section 2, we review on the OPE between the first N = 4 multiplet described in [9].
In section 3, by using the explicit form for the first and second N = 4 multiplets found in
[9, 40], we calculate the OPE between them and obtain the third N = 4 multiplet. In section
4, we compute the OPE between the second N = 4 multiplet. In section 5, we take the
large (N, k) ’t Hooft-like limit on the two OPEs obtained in previous sections and present the
hs[λ] and hs[1 − λ]. Then the wedge subalgebra of WN=2∞ [0] algebra at λ = 0 contains the bosonic higher
spin algebras hs[0] and hs[1].
5According to the result of [1], the higher spin algebra parameter µ, which is a mass parameter of scalar
field, is equal to λ. We use shs2[λ] rather than shs2[µ]. See also (7.2).
6In the coset construction of [10], the free field construction can be obtained by taking large level limit.
Recently, by studying the nontrivial adjoint currents of U(K) together with the trivial higher spin currents,
the structure of “rectangular” W algebra is found in [37, 38, 39].
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(anti)commutators. We also describe the subalgebra which has the N = 2 supersymmetry.
In section 6, we describe the first and second N = 4 higher spin multiplets by using the free
field construction studied in [10]. After writing down the (anti)commutators satisfied by these
fields, we present the (anti)commutators for general spins s1 and s2. In section 7, the oscillator
realization for the first two N = 4 higher spin generators is given and furthermore, we present
the s-th N = 4 higher spin generators in terms of oscillators. In section 8, we summarize
what we have obtained in this paper and the open problems are given. In Appendices A,B,
and C, some detailed expressions appeared in the sections 2, 3, and 4 are given 7.
We are using the Thielemans package [41] with mathematica [42]. An ancillary math-
ematica file, ancillary.nb, where the missing parts of Appendices are given explicitly, is
included.
2 Review of N = 4 unitary coset model
The Wolf space coset in the “supersymmetric” version with groups G = SU(N + 2) and
H = SU(N)× SU(2)× U(1) is given by
Wolf =
SU(N + 2)
SU(N)× SU(2)× U(1) , (2.1)
where the group indices are described by
G indices : a, b, · · · = 1, 2, · · · , (N + 2)2 − 1,
G
H
indices : a¯, b¯, · · · = 1, 2, · · · , 4N. (2.2)
In the bosonic version of Wolf space, there are 4N -free fermions appearing in an extra SO(4N)
group in the numerator of the coset (2.1) at level 1 8. Note that the N = 4 superconformal
coset theory is given by Wolf× SU(2)× U(1). The N = 1 affine Kac-Moody algebra can be
constructed from the adjoint spin-1 current and the spin-1
2
current of group G = SU(N + 2).
The operator product expansion between the (modified) spin-1 current V a(z) and the spin-1
2
7 In Appendices D,E, and F , some expressions appeared in the sections 2, 3, and 4 for the OPEs are
presented. In Appendix G, the (anti)commutators corresponding to Appendices D and E are described. In
Appendix H , we provide the second N = 4 higher spin multiplet in section 6. In Appendix I, the first N = 4
higher spin multiplet in section 6 at λ = 1 is described. In Appendix J , the remaining (anti)commutators for
the general spins s1 and s2 in section 6 are given. In Appendix K, the second N = 4 higher spin generators in
section 7 is presented. Finally in Appendix L, we explain how the N = 2 higher spin algebra can be obtained
from the results of section 7.
8In other words, we have SU(N+2)k×SO(4N)1
SU(N)k+2×SU(2)k+N×U(1)2N(N+2)(N+2+k)
. In [10], these are described by 2N -complex
fermions transforming as bifundamental (N, 2¯)⊕ (N¯,2) under the U(N)× U(2).
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current Qa(z) can be described as follows [43]:
V a(z) V b(w) =
1
(z − w)2 k g
ab − 1
(z − w) f
ab
c V
c(w) + · · · ,
Qa(z)Qb(w) = − 1
(z − w) (k +N + 2) g
ab + · · · . (2.3)
The metric can be obtained from gab =
1
2cG
f dac f
c
bd , where cG is the dual Coxeter number of
the group G. The metric gab which can be represented by (N+2)
2−1× (N+2)2−1 matrix is
given by the generators of G in the complex basis [44] as follows: gab = Tr(TaTb) =
(
0 1
1 0
)
,
where a, b = 1, 2, · · · , (N + 2)2 − 1 from (2.2). The commutation relation for the SU(N + 2)
generators in the fundamental representation is given by [Ta, Tb] = f
c
ab Tc.
2.1 The 11 currents of the large N = 4 nonlinear superconformal
algebra
The four supersymmetry currents of spin-3
2
, Gˆ0(z) and Gˆi(z), the six spin-1 currents of
SU(2)k ×SU(2)N , A±i(z) and the spin-2 stress energy tensor Tˆ (z) can be described in terms
of spin-1, 1
2
currents [45, 46, 47] as follows:
Gˆ0(z) =
i
(k +N + 2)
ga¯b¯Q
a¯ V b¯(z), Gˆi(z) =
i
(k +N + 2)
hia¯b¯Q
a¯ V b¯(z),
A+i(z) = − 1
4N
f a¯b¯c h
i
a¯b¯ V
c(z), A−i(z) = − 1
4(k +N + 2)
hia¯b¯Q
a¯Qb¯(z),
Tˆ (z) =
1
2(k +N + 2)2
[
(k +N + 2) ga¯b¯ V
a¯ V b¯ + k ga¯b¯Q
a¯ ∂ Qb¯ + f a¯b¯c ga¯c¯ gb¯d¯Q
c¯Qd¯ V c
]
(z)
− 1
(k +N + 2)
(A+i + A−i)2(z), i = 1, 2, 3. (2.4)
Note that the Wolf coset indices, a¯, b¯, · · ·, run over a¯, b¯, · · · = 1, 2, · · · , 4N from (2.2). In
the spin-2 stress energy tensor, the terms A−iA−i, which contain (Qa¯Qb¯)(Qc¯Qd¯)(z), can be
further simplified by using the defining relations (2.3). The three almost complex structures
hia¯b¯ are given by 4N×4N matrices [44] and they are antisymmetric and satisfy the quaternionic
algebra [48]. Note that the Wolf space coset metric ga¯b¯ ≡ h0a¯b¯.
With the SO(4) singlet Tˆ (z) → Lˆ(z), the spin-3
2
currents, transforming as the SO(4)
vector representation, are given by Gˆ0(z) → Gˆ2(z), Gˆ1(z) → Gˆ3(z), Gˆ2(z) → −Gˆ4(z), and
Gˆ3(z) → Gˆ1(z). Furthermore, the six spin-1 currents, Tˆ µν(z) transforming as the SO(4)
adjoint representation, can be obtained from the corresponding two spin-1 currents A±i(z)
as follows [9, 40]: A±1(z) → i
2
α±1µν Tˆ
µν(z), A±2(z) → i
2
α±2µν Tˆ
µν(z), A±3(z) → ± i
2
α±3µν Tˆ
µν(z),
8
where the six 4× 4 matrices α±iµν [49] relate the spin-1 currents A±i(z) to the spin-1 currents
Tˆ µν(z).
Then the large N = 4 nonlinear superconformal algebra [50, 45, 51, 46] can be obtained
explicitly using the above 11 currents as follows:Lˆ, Gˆµ, and Tˆ µν . The nonlinear structure
appears in the OPE between the spin-3
2
currents. Note that the two levels of SU(2)’s are
given by k and N respectively.
2.2 The 16 currents of the large N = 4 linear superconformal alge-
bra
The explicit relation between the 16 currents of the large N = 4 linear superconformal algebra
and the 11 currents of the large N = 4 nonlinear superconformal algebra is described by [50]
T µν(z) = Tˆ µν(z) +
2i
(2 + k +N)
ΓµΓν(z),
Gµ(z) = Gˆµ(z) +
2i
(2 + k +N)
UΓµ(z)
+ εµνρσ
[
4i
3(2 + k +N)2
ΓνΓρΓσ − 1
(2 + k +N)
T νρΓσ
]
(z),
L(z) = Lˆ(z)− 1
(2 + k +N)
[
UU − ∂ΓµΓµ
]
(z). (2.5)
In the last term of spin-3
2
currents in (2.5), the first relation of (2.5) should be inserted.
Moreover, the four fermionic spin-1
2
currents are given by [48, 44]
Γ0(z) = − i
4(N + 1)
h
j
a˜b˜
f a˜b˜c˜h
jc˜
d˜
Qd˜(z), Γj(z) = − i
4(N + 1)
h
j
a˜b˜
f a˜b˜c˜Q
c˜(z), j = 1, 2, 3, (2.6)
where there is no sum over j in the first equation of (2.6). We should change the index
structures as follows: Γ0 → −iΓ2, Γ1 → −iΓ3, Γ2 → iΓ4 and Γ3 → −iΓ1 in order to use (2.5)
from (2.6) with SO(4) vector index. We introduce the coset Wolf× SU(2)× U(1) = SU(N+2)
SU(N)
by multiplying SU(2)×U(1) factor in (2.1) (See also [1] for the bosonic version of the coset)
and the corresponding notation is as follows: a˜ = (a¯, aˆ), where the a¯ index runs over 4N values
as before and the index aˆ associates with the 2 × 2 matrix corresponding to SU(2) × U(1)
and runs over 4 values. The bosonic spin-1 current is given by
U(z) = − 1
4(N + 1)
h
j
a˜b˜
f a˜b˜c˜h
jc˜
d˜
[
V d˜ − 1
2(k +N + 2)
f d˜
e˜f˜
Qe˜Qf˜
]
(z), (2.7)
where there is no sum over the index j. Of course, the OPEs between the 11 currents in (2.4)
and the spin-1
2
currents Γµ(z) are regular and similarly, the OPEs between the 11 currents
and the spin-1 current U(z) do not have any singular terms.
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Therefore, the large N = 4 linear superconformal algebra can be generated by (2.5),
(2.6) and (2.7), together with the 11 currents obtained in previous subsection, in the N = 4
coset SU(N+2)
SU(N)
model. Note that the two levels of SU(2)’s are given by (k + 1) and (N + 1)
respectively contrary to the ones of nonlinear case. The central charge is given by
c =
6(k + 1)(N + 1)
(k +N + 2)
. (2.8)
Under the large (N, k) ’t Hooft limit, the central charge (2.8) becomes c = 6(1− λ)N , where
the ’t Hooft coupling constant is defined as λ ≡ (N+1)
(k+N+2)
. At λ = 0, the central charge is
c = 6N . For the infinity limit of k, the central charge is given by c = 6(N + 1) from (2.8)
[52].
2.3 Operator product expansion between the first N = 4 higher
spin multiplet
The single N = 4 super OPE studied in [53] between the first N = 4 higher spin multiplet
and itself can be summarized by [9] 9
Φ(1)(Z1)Φ
(1)(Z2) =
θ4−012
z412
4 kN (k −N)
(2 + k +N)2
+
θ4−i12
z312
Q
( 1
2
),i
3
2
(Z2) +
θ4−012
z312
Q
(1)
2 (Z2)
+
1
z212
2 kN
(2 + k +N)
+
θ
4−ij
12
z212
Q
(1),ij
1 (Z2)
+
θ4−i12
z212
[
2 ∂Q
( 1
2
),i
3
2
+Q
( 3
2
),i
3
2
− (k −N)
3(2 + k +N)
Q
( 3
2
),i
1
2
]
(Z2)
+
θ4−012
z212
[
3
2
∂Q
(1)
2 +Q
(2)
2
− 8(k −N)
(5 + 4k + 4N + 3kN)
(Φ(1)Φ(1) +
k N
(2 + k +N)
J4−0
− kN(k −N)
(2 + k +N)2
∂2 J)
]
(Z2) +
θi12
z12
Q
( 3
2
),i
1
2
(Z2)
+
θ
4−ij
12
z12
[
∂Q
(1),ij
1 +Q
(2),ij
1
]
(Z2)
+
θ4−i12
z12
[
3
2
∂2Q
( 1
2
),i
3
2
+ ∂Q
( 3
2
),i
3
2
+Q
( 5
2
),i
3
2
]
(Z2)
+
θ4−012
z12
[
∂2Q
(1)
2 + ∂Q
(2)
2 +Q
(3)
2
9The notation of θ4−0 stands for θ1θ2θ3θ4. One can read off θ4−i from the relation θ1θ2θ3θ4 = θ4−iθi (no
sum over the index i). For example, θ4−i|i=2 = θ1θ3θ4. Similarly, we have the relation θ1θ2θ3θ4 = θ4−ijθiθj .
For example, θ4−ij |i=1,j=2 = θ3θ4.
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− 8(k −N)
(5 + 4k + 4N + 3kN)
∂(Φ(1)Φ(1) +
k N
(2 + k +N)
J4−0
− kN(k −N)
(2 + k +N)2
∂2 J)
]
(Z2) + · · · . (2.9)
The nonlinear terms Φ(1)Φ(1)(Z2) and its descendant term occur in this OPE (2.9). In
particular, the dependence of the first and second N = 4 higher spin multiplets can also arise
in the following quasi (super) primary fields 10
Q
( 5
2
),i
3
2
=
1
2
DiΦ(2) − 4(k −N)
(5 + 4k + 4N + 3kN)
Φ(1)DiΦ(1) + J dependent terms,
Q
(2)
2 = 2Φ
(2) + J dependent terms. (2.10)
The stress energy tensor J dependent terms in (2.10) are given in Appendix A. All the
expressions for the quasi primary (super)fields are presented in (A.1) (with ancillary.nb).
In obtaining (2.9), the fundamental OPEs in (A.2) are crucial. In Appendix D, the OPEs
between the first N = 4 multiplet are explicitly given after the large (N, k) limit is taken.
Furthermore, in (G.3), its (anti)commutators are presented explicitly. See also [9] for more
details. We need to redefine the second N = 2 higher spin multiplet (3.4) in next section.
3 Operator product expansion between the first and
second N = 4 higher spin multiplets
We construct the OPEs between the first and second N = 4 higher spin multiplets in com-
ponent approach and in N = 4 superspace. The 16 = (1+ 4+ 6+ 4+ 1) higher spin currents
of superspin s can be combined into one single N = 4 super field as follows [9]:
Φ(s) ≡
(
Φ
(s)
0 ,Φ
(s),i
1
2
,Φ
(s),ij
1 ,Φ
(s),i
3
2
,Φ
(s)
2
)
, i, j = 1, 2, 3, 4. (3.1)
The spins of each element are given by s, (s+ 1
2
), (s+1), (s+ 3
2
), and (s+2) respectively. The
last two component fields in (3.1) are not quasi primary fields while the first three component
fields are primary fields under the stress energy tensor L(z) of (2.5) 11. After analyzing the
component approach first and then we will end up with the single OPE in N = 4 superspace.
10As in [54], the spin of the quasi primary field is given by the number of inside of the bracket. The subscript
comes from the one in the first operator of the OPE in the component approach. See, for example, (A.2). We
use the simplified notation J4−0 ≡ D1D2D3D4 J.
11We will use the simplified notations for the (higher spin)currents as follows:
T˜ ij ≡ 1
2!
εijkl T
kl, G˜i ≡ Gi − (k −N)
(k +N + 2)
i ∂ Γi, L˜ ≡ L+ (k −N)
2(k +N + 2)
∂ U,
11
3.1 The new higher spin current Φ
(3)
0 of spin 3
Let us consider the OPE between the last component Φ
(1)
2 (z) with s = 1 and the first com-
ponent Φ
(2)
0 (w) with s = 2 of (3.1). By adding the derivative term and other composite field
to the Φ
(1)
2 , we can make it to be a primary field as follows [9]
12:
Φ
(s=1)
2 ≡ Φ˜(s=1)2 + p1 ∂2 Φ(s=1)0 + p2 LΦ(s=1)0 , (3.2)
where Φ˜
(s=1)
2 is a primary field under the stress energy tensor L(z). The coefficients p1 and
p2 appearing in (3.2) were given in [9] and they are
p1 ≡ − (k −N)(29 + 16k + 16N + 3kN)
3(2 + k +N)(5 + 4k + 4N + 3kN)
, p2 ≡ 8(k −N)
(5 + 4k + 4N + 3kN)
. (3.3)
The higher spin-2 current in the second N = 4 multiplet is redefined from the one (denoted
by Φˆ
(2)
0 in this paper) in [9] (or [40]) as follows
13:
Φ
(2)
0 = Φˆ
(2)
0 + r0Φ
(1)
0 Φ
(1)
0 + r1 L+ r2 T
ijT ij + r3 T
ijT˜ ij + r4 T
ijΓiΓj + r5 T˜
ijΓiΓj
+ r6 UU + r7 ∂Γ
iΓi + r8 ε
ijkl ΓiΓjΓkΓl , (3.4)
where the coefficients are given by
r0 ≡ − 3
2(2 +N)(2 + k +N)2(5 + 4k + 4N + 3kN)
(100 + 187k + 118k2 + 24k3 + 303N
+ 505kN + 277k2N + 46k3N + 325N2 + 455kN2 + 195k2N2 + 20k3N2
+ 148N3 + 159kN3 + 42k2N3 + 24N4 + 16kN4), (3.5)
r1 ≡ r0 −4(2 + k)(2 +N)
3(4 + 3k + 3N + 2kN)
, r2 ≡ r0 (4 + k +N)
6(4 + 3k + 3N + 2kN)
,
r3 ≡ r0 (k −N)
6(4 + 3k + 3N + 2kN)
, r4 ≡ r0 −2i(4 + k +N)
3(2 + k +N)(4 + 3k + 3N + 2kN)
,
r5 ≡ r0 −2i(k −N)
3(2 + k +N)(4 + 3k + 3N + 2kN)
, r6 ≡ r0 −4(2 + k)(2 +N)
3(2 + k +N)(4 + 3k + 3N + 2kN)
,
r7 ≡ r0 2(20 + 7k + 7N + 2kN)
3(2 + k +N)(4 + 3k + 3N + 2kN)
, r8 ≡ r0 −(k −N)
3(2 + k +N)2(4 + 3k + 3N + 2kN)
.
Φ˜
(s),ij
1 ≡
1
2!
εijkl Φ
(s),kl
1 .
Also we have the N = 4 stress energy tensor J = (−∆, iΓi,−i T ij,−G˜i, 2L˜) with ∂∆ ≡ −U .
12 We have the following relation
Φ
(s),i
3
2
= Φ˜
(s),i
3
2
+
1
(2s+ 1)
(k −N)
(2 + k +N)
∂Φ
(s),i
1
2
.
13The right hand side of (3.4) is proportional to the equation (6.37) of [40].
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Note that the coefficients r1, · · · , r8 in (3.5) can be written in terms of r0 by using the N = 4
primary condition on the right hand side of (3.4). The second order pole of the OPE between
Φ
(1)
2 (z) and Φ
(1)
0 (w) in [9] has the nonlinear term Φ
(1)
0 Φ
(1)
0 (w) as well as Φˆ
(2)
0 (w). The coefficient
r0 can be fixed further by absorbing this nonlinear term. Note that the value r0 appears in
the arXiv version of [9](and is equal to the value c3 in page 244). We also analyze the Φ
(3)
0
case similarly.
Then we can calculate, from the result of the higher spin-3 current Φ
(1)
2 (z) in [9] and the
higher spin-2 current (3.4), the following OPE explicitly
Φ
(1)
2 (z) Φ
(2)
0 (w) =
1
(z − w)4
[
Q
(1)
2 − (6 p1 + 4 p2)Q(1)0
]
(w)
+
1
(z − w)3
[
∂Q
(1)
2 +Q
(2)
2 − p2 ∂Q(1)0
]
(w)
+
1
(z − w)2
[
1
2
∂2Q
(1)
2 +
3
4
∂Q
(2)
2 +Q
(3)
2 − p2(2Φ(1)0 Φ(2)0 + d0,21 LΦ(1)0 )
]
(w)
+
1
(z − w)
[
1
6
∂3Q
(1)
2 +
3
10
∂2Q
(2)
2 +
2
3
∂Q
(3)
2 +Q
(4)
2 − p2(2 ∂Φ(1)0 Φ(2)0
+ Φ
(1)
0 ∂Φ
(2)
0 + d
0,2
1 ∂LΦ
(1)
0 )
]
(w) + · · · , (3.6)
where the coefficients p1 and p2 are given in (3.3). The coefficient appearing in the second
order pole of (3.6) is a function of N and k as follows:
d
0,2
1 = −
16(k −N)(11 + 16k + 6k2 + 16N + 17kN + 4k2N + 6N2 + 4kN2)
(2 + k +N)(4 + 3k + 3N + 2kN)(5 + 4k + 4N + 3kN)
. (3.7)
We can calculate this OPE (3.6) for fixed N = 3 and after obtaining N = 4 superspace
description, where the fundamental 16 OPEs can be generalized to the full 256 OPEs, we will
obtain all the structure constants which depend on (N, k) explicitly from the Jacobi identity.
The various quasi primary fields appearing in (3.6) are given in (B.1) 14.
In particular, the second order pole of (3.6) has the following new primary higher spin-3
current, which cannot be written in terms of the known (higher spin) currents,
Q
(3)
2 (w) = w1,3Φ
(3)
0 (w) + · · · . (3.8)
Note that the subscript 2 comes from the index 2 of Φ
(1)
2 (z) in the left hand side of the OPE
14Note that the quasi primary fields Q
(s)
sc with sc = 0,
1
2 , 1,
3
2 and 2, which do not have adjoint indices of
group G, are nothing to do with the spin- 12 currents appearing in (2.3) directly.
13
15. The remaining 25 terms in (3.8) are given in (B.1). We use the following quasi primary
fields with their spins, SO(4) indices i, j and the subscript indicating the number of fermionic
coordinates in front of the quasi primary fields when we go to the N = 4 superspace
Q
(1)
0 , · · · ; Q(
3
2
),i
1
2
, Q
( 5
2
),i
1
2
, · · · ; Q(1),ij1 , Q(2),ij1 , Q(3),ij1 , · · · ;
Q
( 1
2
),i
3
2
, Q
( 3
2
),i
3
2
, Q
( 5
2
),i
3
2
, Q
( 7
2
),i
3
2
, · · · ; Q(1)2 , Q(2)2 , Q(3)2 , Q(4)2 , Q(5)2 , · · · . (3.9)
Note that the spin of the field in (3.9) is given by the number inside the bracket of upper
index. The corresponding N = 4 super fields can be denoted by using the boldface symbols
as in previous section (2.9) or (2.10).
Therefore, we observe that the lowest component of the third N = 4 higher spin multiplet
occurs in addition to the components of the first and second N = 4 higher spin multiplets in
(3.6).
3.2 The new higher spin current Φ
(3),i
1
2
of spin 72
Let us consider the OPE between the higher spin-5
2
current Φ
(1),i
3
2
(z) of the first N = 4
multiplet with SO(4) vector index and the higher spin-2 current Φ
(2)
0 (w) of the second N = 4
multiplet with SO(4) singlet, which is common to the fundamental 16 OPEs. It turns out
that the OPE between them satisfies the following result
Φ
(1),i
3
2
(z) Φ
(2)
0 (w) =
1
(z − w)3 Q
( 3
2
),i
3
2
(w)
+
1
(z − w)2
[
2
3
∂Q
( 3
2
),i
3
2
+Q
( 5
2
),i
3
2
− (k −N)
3(2 + k +N)
Q
( 5
2
),i
1
2
]
(w)
+
1
(z − w)
[
1
4
∂2Q
( 3
2
),i
3
2
+
3
5
∂Q
( 5
2
),i
3
2
+Q
( 7
2
),i
3
2
]
(w) + · · · . (3.10)
The third and second order poles can be written in terms of the known (higher spin) currents.
This implies that there is no new primary field in these poles. On the other hand, the first
order pole of (3.10) has the following quasi primary field
Q
( 7
2
),i
3
2
= w1, 7
2
Φ
(3),i
1
2
+ · · · . (3.11)
A new higher spin-7
2
current of the third N = 4 higher spin multiplet arises in (3.11) and the
remaining 86 terms are given in (B.1) as before. We can easily check that the OPE between
15In the fundamental 16 OPEs we are describing, the higher spin-2 current Φ
(2)
0 (w) is common. Then by
specifying only the subscript of the component of first N = 4 higher spin multiplet (in addition to the spin
of quasi primary fields which tells us the pole of the singular term in the OPE), we can classify all the quasi
primary fields uniquely (and independently).
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the spin-3
2
currents Gi(z) and the higher spin-3 current Φ
(3)
0 (w) of the third N = 4 multiplet
appearing in (3.8) provides the above higher spin-7
2
current Φ
(3),i
1
2
(w) at the first order pole
(with minus sign). That is, the relevant OPE for this computation is given in Appendix C of
[9]. See also Appendix G where the corresponding commutator is presented. Alternatively,
we can read off the corresponding OPEs. More precisely, we have the third equation of (G.2).
This is one of the consistency checks for the validity of the OPE in (3.10).
In this case, the OPE described in (3.10) contains the components of the first three N = 4
higher spin multiplets as before. We expect that due to the SO(4) vector index i in (3.11), the
N = 4 supersymmetric version of (3.11) can combine with the triple product of the fermionic
coordinates in order to preserve the SO(4) singlet condition of the OPE. See (3.19).
3.3 Other remaining fundamental eleven OPEs
Let us calculate further OPEs. The OPE between the higher spin-2 current Φ
(1),ij
1 (z) of the
first N = 4 multiplet with SO(4) adjoint index and the higher spin-2 current Φ(2)0 (w) of the
second N = 4 multiplet with SO(4) singlet we described before can be described as
Φ
(1),ij
1 (z) Φ
(2)
0 (w) =
1
(z − w)2 Q
(2),ij
1 (w) +
1
(z − w)
[
1
2
∂Q
(2),ij
1 +Q
(3),ij
1
]
(w) + · · · ,(3.12)
where we have the following quasi primary field with the footnote 11
Q
(2),ij
1 (w) = w1,2Φ
(1),ij
1 (w) + w6,2 Φ˜
(1),ij
1 (w) + · · · . (3.13)
The abbreviated six terms of (3.13) are given again in (B.1). There is no new primary field
in this OPE (3.12). Of course, it is obvious that the other components Φ
(3),ij
1 (w) of the third
N = 4 higher spin multiplet cannot appear in this OPE because the spins of the left hand
side are not enough to allow us to have this higher spin-4 currents. We will see that the
new higher spin-4 currents Φ
(3),ij
1 can appear in the OPEs between the different higher spin
currents. It is obvious to see that the composite field of spin-3 can arise in the first order pole
of (3.12).
Let us consider the next OPE. The OPE between the higher spin-3
2
current Φ
(1),i
1
2
(z) of the
first N = 4 multiplet with SO(4) vector index and the higher spin-2 current Φ(2)0 (w) of the
second N = 4 multiplet with SO(4) singlet can be summarized as follows:
Φ
(1),i
1
2
(z) Φ
(2)
0 (w) =
1
(z − w) Q
( 5
2
),i
1
2
(w) + · · · . (3.14)
In this case, the first order pole can be expressed as the known (higher spin) currents (no new
primary field occurs) and the quasi primary field in (3.14) contains the higher spin-5
2
current
15
of the first N = 4 higher spin multiplet as follows:
Q
( 5
2
),i
1
2
(w) = w1, 5
2
Φ
(1),i
3
2
(w) + · · · . (3.15)
We can find other 13 terms of (3.15) in (B.1) as before.
Finally, the OPE between the lowest higher spin currents of the first and second N = 4
higher spin multiplets can be written in terms of
Φ
(1)
0 (z) Φ
(2)
0 (w) =
1
(z − w)2 Q
(1)
0 (w) + · · · , (3.16)
where the quasi primary field appears in (3.16) and is nothing but the higher spin-1 current
as follows:
Q
(1)
0 (w) = d
0,2
1 Φ
(1)
0 (w) , (3.17)
where the structure constant appearing in (3.17) is given by (3.7).
Then we observe that the OPEs in (3.12), (3.14) and (3.16) contain the components of
the first N = 4 higher spin multiplet. No new primary fields occur.
Therefore, the 16 fundamental OPEs, which are the OPEs between the first N = 4 higher
spin multiplet and the lowest component of the second N = 4 higher spin multiplet, can be
obtained from (3.6), (3.10), (3.12), (3.14) and (3.16). The total number of poles in these OPEs
is given by 11. The N = 4 supersymmetry allows us to read off the remaining 240 = (162−16)
OPEs by going to N = 4 superspace in next subsection 16.
3.4 The N = 4 OPE between the first and the second N = 4 higher
spin multiplets
We would like to express the OPEs in component approach by using the N = 4 superspace
approach. Again the fundamental 16 OPEs (five kinds of OPEs between the first N = 4
higher spin multiplet and the lowest component of the second N = 4 higher spin multiplet)
are given by (3.6), (3.10), (3.12), (3.14) and (3.16) and will determine the remaining 240
OPEs by using the N = 4 supersymmetry described before. That is, we can generalize them
in N = 4 superspace by taking the following replacements [9] for the components of both
N = 4 stress energy tensor J in the footnote 11 and the higher spin multiplet Φ(s) in (3.1)
U(w) → ∂ J(Z2), Γi(w)→ −iDiJ(Z2) ≡ −iJi(Z2),
16Compared to the total 136 OPEs in section 2.3, there are 256 = 162 OPEs because we are considering
two different N = 4 higher spin multiplets.
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T ij(w) → − i
2!
εijklDkDlJ(Z2) ≡ − i
2!
εijkl Jkl(Z2),
G˜i(w) → 1
3!
εijklDjDkDlJ(Z2) ≡ 1
3!
εijkl Jjkl(Z2),
L˜(w) → 1
2 · 4! ε
ijklDiDjDkDlJ(Z2) ≡ 1
2 · 4! ε
ijkl Jijkl(Z2),
Φ
(s)
0 (w) → Φ(s)(Z2), Φ(s),i1
2
(w)→ DiΦ(s)(Z2),
Φ
(s),ij
1 (w) → −
1
2!
εijklDkDlΦ(s)(Z2), Φ
(s),i
3
2
(w)→ − 1
3!
εijklDjDkDlΦ(s)(Z2),
Φ
(s)
2 (w) →
1
4!
εijklDiDjDkDlΦ(s)(Z2), s = 1, 2, 3, · · · , (3.18)
and putting the relevant fermionic coordinates together with singular terms. Due to the
different number of fermionic coordinates, the total 11 singular terms in the above fundamental
OPEs arise in N = 4 superspace independently 17.
Then the single N = 4 super OPE between the first and the second N = 4 higher spin
multiplets, like as in (2.9), can be summarized by
Φ(1)(Z1)Φ
(2)(Z2) =
θ4−012
z412
[
Q
(1)
2 − (6 p1 + 4 p2)Q(1)0
]
(Z2) +
θ4−i12
z312
Q
( 3
2
),i
3
2
(Z2)
+
θ4−012
z312
[
∂Q
(1)
2 +Q
(2)
2 − p2 ∂Q(1)0
]
(Z2) +
1
z212
Q
(1)
0 (Z2) +
θ
4−ij
12
z212
Q
(2),ij
1 (Z2)
+
θ4−i12
z212
[
2
3
∂Q
( 3
2
),i
3
2
+Q
( 5
2
),i
3
2
− (k −N)
3(2 + k +N)
Q
( 5
2
),i
1
2
]
(Z2)
+
θ4−012
z212
[
1
2
∂2Q
(1)
2 +
3
4
∂Q
(2)
2 +Q
(3)
2 − p2(2Φ(1)Φ(2) + d0,21 J4−0Φ(1))
]
(Z2)
+
θi12
z12
Q
( 5
2
),i
1
2
(Z2) +
θ
4−ij
12
z12
[
1
2
∂Q
(2),ij
1 +Q
(3),ij
1
]
(Z2)
+
θ4−i12
z12
[
1
4
∂2Q
( 3
2
),i
3
2
+
3
5
∂Q
( 5
2
),i
3
2
+Q
( 7
2
),i
3
2
]
(Z2)
+
θ4−012
z12
[
1
6
∂3Q
(1)
2 +
3
10
∂2Q
(2)
2 +
2
3
∂Q
(3)
2 +Q
(4)
2
− p2(2 ∂Φ(1)Φ(2) +Φ(1)∂Φ(2) + d0,21 ∂J4−0Φ(1))
]
(Z2) + · · · . (3.19)
17We obtain the components of the N = 4 (higher spin)multiplet as follows [9]. For the lowest component,
we simply put the fermionic coordinates to zero. For the second component with index i, we multiply the super
derivative Di and then take the fermionic coordinates as zero. For the third component with i = 1, j = 2, we
act the super derivatives D3D4 and take θi1 = 0 = θ
i
2 with minus sign. For the fourth component with i = 1,
we can multiply D2D3D4 and take θi1 = 0 = θ
i
2 with minus sign. For the last component, we can multiply
D1D2D3D4 and take θi1 = 0 = θ
i
2. For the other indices of the third and fourth compnents, similar analysis
can be done.
17
As before, the coefficients p1 and p2 appearing in several places are given in (3.3) and the
structure constant d0,21 is given in (3.7). We present the quasi primary super fields in N = 4
superspace in (B.2). The new primary third N = 4 higher spin multiplet in (3.19) arise in
the following quasi primary field
Q
(3)
2 (Z2) = d
2,2
1 Φ
(3)(Z2) + · · · , (3.20)
where the abbreviated 25 terms are given in (B.2). This is N = 4 supersymmetric version of
previous component result in (3.8). Moreover, we have the descendant field of Φ(3)(Z2)
Q
( 7
2
),i
3
2
(Z2) = d
3
2
,1
1 D
iΦ(3)(Z2) + · · · , (3.21)
which is the N = 4 supersymmetric version of the component result in (3.11).
Therefore, the OPE in (3.19) contains the first three N = 4 higher spin multiplets in
addition to the stress energy tensor J: Φ(1), Φ(2) and Φ(3). Note that the structure constants
appearing in (3.19) are fixed by using the various Jacobi identities in the component approach.
As explained before, all the 256 OPEs can be read off from the OPE (3.19) with the help of
the footnote 17. We will describe some of them very briefly in next subsection.
3.5 The new higher spin currents Φ
(3),lm
1 , Φ
(3),l
3
2
and Φ
(3)
2 , of spin 4,
9
2, 5
So far, we have discussed about the 16 fundamental OPEs. How do we observe (or obtain)
the remaining components of the third N = 4 higher spin multiplet? Because the third
N = 4 higher spin multiplet appears both in (3.20) and in (3.21), we can focus on these poles
associated with them in the OPE (3.19).
For example, we can observe that the higher spin-4 currents Φ
(3),mn
1 (w) arise the OPEs
between the higher spin-2 currents Φ
(1),ij
1 (z) and the higher spin-3 currents Φ
(2),kl
1 (w)
18. Let us
fix the indices: m = 1, n = 2 and i = k = 3, j = 1, l = 2. The former higher spin currents can
be obtained by multiplying the super derivatives D21 D
4
1 (up to the overall numerical factor)
into Φ(1)(Z1) and putting the fermionic coordinates to zero according to (3.18). On the other
hand, the latter higher spin currents can be obtained by multiplying the super derivatives
D12 D
4
2 (up to the overall numerical factor) into Φ
(2)(Z2) and putting the fermionic coordinates
to zero. Then it is easy to see, from the right hand side of the OPE in (3.19), that by splitting
the two super derivatives D12 D
4
2 into the piece of
θ4−p
12
z12
and the quasi primary field (3.21)
respectively, we have
θ4−13
12
z12
and D42D
p=3
2 Φ
(3)(Z2). Then the pole term can be reduced to
1
(z−w)
18In this subsection, we do not care about the exact numerical factors and signs. We will demonstrate how
we can observe the existence of the remaining components of the third N = 4 higher spin multiplet we do not
see so far. We refer to [9] for further detailed descriptions.
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by acting D21 D
4
1 and we arrive at Φ
(3),12
1 (w) after putting the vanishing fermionic coordinates,
where we ignore all the numerical factors as well as signs. We can see the corresponding OPE
in (E.1), where all the nonlinear terms (and some linear terms) disappear.
Similarly, the higher spin-9
2
currents Φ
(3),l=1
3
2
(w) can be determined from the OPEs between
the higher spin-2 currents Φ
(1),ij
1 (z) and the higher spin-3 currents Φ
(2),k
3
2
(w), where we fix the
indices i = k = 4 and j = 1. As before, the former can be obtained by multiplying the super
derivatives D21D
3
1 into Φ
(1)(Z1) and putting the fermionic coordinates to zero. The latter
can be obtained by multiplying the super derivatives D12 D
2
2 D
3
2 into Φ
(2)(Z2) and putting the
fermionic coordinates to zero. After we act the super derivatives D21 D
3
1 D
1
2 on the pole
θ4−n
12
z12
and the super derivatives D22 D
3
2 on the quasi primary field (3.21), we are left with Φ
(3),1
3
2
(w)
(the index n becomes 4) at the first order pole. The corresponding OPE can be found in (E.1)
as before 19.
Of course, these new higher spin-4, 9
2
, 5 currents appear in other OPEs in (E.1). All the
component results can be obtained from (3.19) by applying the super derivatives to both
sides and putting the fermionic coordinates to zero. We present the 256 OPEs under the
large (N, k) limit in (E.1). The (N, k) dependent structure constants will be attached in the
ancillary.nb file. Its (anti)commutators appear in (G.4). When we compare the results
[54] in an orthogonal coset model with the results of this paper, so far we do not observe any
SO(4) non-singlet N = 4 higher spin multiplet.
4 Operator product expansion between the second N =
4 multiplet and itself with N = 5
Since we do not complete this OPE for general N , we will present some parts of the OPE
with fixed N = 5. The reason why we consider this particular N = 5 case is that this is the
smallest value for the existence of the new higher spin-4 current.
19 Finally, the higher spin-5 current Φ
(3)
2 (w) can be obtained from the OPEs between the higher spin-
5
2
currents Φ
(1),i
3
2
(z) and the higher spin- 72 currents Φ
(2),j
3
2
(w). Let us fix the index as i = j = 1. The former
can be obtained by multiplying the super derivatives D21D
3
1 D
4
1 into Φ
(1)(Z1) and putting the fermionic
coordinates to zero. The latter can be obtained by multiplying the super derivatives D22 D
3
2D
4
2 into Φ
(2)(Z2)
and putting the fermionic coordinates to zero. After we act the super derivatives D21D
3
1D
4
1 on
θ
4−n
12
z12
and the
super derivatives D22D
3
2D
4
2 on the quasi primary field (3.21), where the index n becomes 1, we are left with
Φ
(3)
2 (w) at the first order pole. We can find the corresponding OPE in (E.1).
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4.1 The new higher spin current of spin 4
Compared to N = 3 case where there is no new higher spin-4 primary current, the N = 5
case leads to the following new higher spin-4 current with the corresponding OPE
Φ
(2)
2 (z) Φ
(2)
0 (w) =
1
(z − w)6 8α e
0,4
0 +
1
(z − w)5 Q
(1)
2 (w) +
1
(z − w)4
[
3
2
∂Q
(1)
2 +Q
(2)
2
]
(w)
+
1
(z − w)3
[
∂2Q
(1)
2 + ∂Q
(2)
2 +Q
(3)
2
]
(w)
+
1
(z − w)2
[
5
12
∂3Q
(1)
2 +
1
2
∂2Q
(2)
2 +
5
6
∂Q
(3)
2 +Q
(4)
2
]
(w)
+
1
(z − w)
[
1
8
∂4Q
(1)
2 +
1
6
∂3Q
(2)
2 +
5
14
∂2Q
(3)
2 +
3
4
∂Q
(4)
2 +Q
(5)
2
]
(w)
+ p1
4∑
n=3
1
(z − w)n
{
∂2Φ
(2)
0 Φ
(2)
0
}
n
(w) + p2
4∑
m=1
1
(z − w)m
{
(LΦ
(2)
0 ) Φ
(2)
0
}
m
(w)
+ · · · , (4.1)
where p1 and p2 are in [9] and by substituting the value of s they are given by
p1 = − (k −N)(55 + 29k + 29N + 3kN)
(2 + k +N)(59 + 37k + 37N + 15kN)
, p2 =
36(k −N)
(59 + 37k + 37N + 15kN)
. (4.2)
In particular, the new higher spin-4 current which is the lowest component of the fourth
N = 4 higher spin multiplet arises in the quasi primary field appearing in (4.1)
Q
(4)
2 = w0,4Φ
(4)
0 + · · · , (4.3)
where the abbreviated parts of (4.3) are given in (C.5) with (C.6). The equivalent expression
of (4.1) is found in (C.1). Other quasi primary fields can be found in Appendix C. Compared
to the one in [54] where the orthogonal coset model is described, the OPE in (4.1) looks
similar (in the context of the quasi primary fields and their coefficients in the OPE) but the
first order pole in p2 term is new in this paper.
4.2 Other OPEs
The remaining four kinds of fundamental OPEs, by following the method in previous section,
are presented in Appendix C. In order to apply the Jacobi identities used in previous sections,
we need to calculate the OPE between Φ(1)(Z1) and Φ
(3)(Z2) which is beyond the scope of this
paper. This is because the Jacobi identity between the three higher spin currents, Φ(1), Φ(2)
and Φ(1) leads to the above OPE because the OPE between Φ(1)(Z1) and Φ
(2)(Z2) produces
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Φ(3)(Z2). As long as theN = 4 higher spin algebra is concerned, we will obtain the higher spin
algebra associated with the OPE Φ(2)(Z1) and Φ
(2)(Z2) and the OPE Φ
(1)(Z1) and Φ
(3)(Z2)
in section 7.
5 Summary of coset construction
According to the observation of [1], the appropriate limit on the parameters N and k should
be taken from the OPEs we have obtained so far in order to relate them to the classical
asymptotic symmetry algebra in the AdS3 higher spin theory with matrix generalization. If we
further restrict the modes of the higher spin operators in the (nonlinear) classical asymptotic
symmetry algebra to the wedge modes, then we obtain the N = 4 higher spin algebra which
is called “wedge” subalgebra of WN=4∞ [λ] algebra.
5.1 The large (N, k) ’t Hooft-like limit and the nonlinear WN=4∞ [λ]
algebra
From the explicit OPEs found in previous sections 2, 3 (and 4), we can take the large (N, k) ’t
Hooft limit into the various structure constants by keeping the ’t Hooft-like coupling constant
λ ≡ (N+1)
(k+N+2)
fixed. Before we are taking the infinity limit of N after writing down the k in
terms of λ and N first, we are left with the nonlinear (and linear) terms together with the
power of 1
N
factor. Now we take the infinity limit of N , then all the nonlinear and some of
the linear terms vanish. We present them in Appendices D and E and its (anti)commutators
version will appear in Appendix G. From these results of Appendices, we restrict to use the
wedge condition for the modes described before. Then all the expressions with typewriter font
in Appendix G disappear. Later, we will use these (anti)commutators to obtain the N = 4
higher spin generators in terms of oscillators which will satisfy the above N = 4 higher spin
algebra.
There exists other limiting procedure which is the infinity limit of level k. In this case,
the central charge is given by c = 6(N +1) around the discussion of (2.8). We obtain the free
field construction [10] from the coset construction we have described so far. We will obtain
the free field construction in section 6, where the central charge c = 6N which is different
from the above. Then we can expect that the extra piece in the coset construction should
reflect the extra central charge c = 6 which is the diffence between above two central charges.
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5.2 The N = 2 wedge subalgebra of WN=4∞ [λ] algebra
Before we take the U(2) matrix generalization of the AdS3 Vasiliev higher spin theory, the
original AdS3 higher spin theory has N = 2 supersymmetry. This implies that we should
observe the corresponding N = 2 higher spin algebra from the N = 4 higher spin algebra,
which obtained from the original higher spin theory by adding Chan-Paton factors (or U(2)
matrix generalization). In terms of oscillator formalism with explicit four U(2) matrices, it
will be obvious that we can choose the right candidate for the N = 2 higher spin generators,
among the N = 4 higher spin generators, which will satisfy the above N = 2 higher spin
algebra.
We expect that by taking the particular combinations among the currents and the higher
spin currents,
Φ
(1)
0 → J,
1√
2
(
G2 + Φ
(1),2
1
2
)
→ G+,
1√
2
(
G2 − Φ(1),21
2
)
→ G−, L→ L, (5.1)
then the N = 2 wedge subalgebra of WN=4∞ [λ] algebra can be realized. The SO(4) index 2 in
the above (5.1) is one of the choices among four values i = 1, 2, 3, 4. Once we take the spin-1
current J of N = 2 superconformal algebra as the higher spin-1 current Φ(1)0 , then the two
spin-3
2
currents G± of N = 2 superconformal algebra should be the linear combination like as
(5.1) because the commutator between the higher spin-1 current Φ
(1)
0 and the spin-
3
2
currents
Gi gives the higher spin-3
2
currents Φ
(1),i
1
2
and vice versa. See also (G.2). We can easily check
that other (anti)commutators are satisfied by using the left hand side of (5.1). See also (L.1).
In [1], the choice for two supersymmetry generators G± is taken from the ones having the off
diagonal U(2) matrices.
Moreover, the first N = 2 higher spin multiplet in the context of N = 2 wedge subalgebra
of WN=4∞ [λ] algebra can be obtained from the following combinations
−
√
3
8
Φ
(2)
0 → W 2 0,
√
3
4
√
2
(
Φ˜
(1),2
3
2
− 1
2
Φ
(2),2
1
2
)
→W 2+,
√
3
4
√
2
(
Φ˜
(1),2
3
2
+
1
2
Φ
(2),2
1
2
)
→ W 2−, −
√
3
8
Φ˜
(1)
2 →W 2 1. (5.2)
Here we are using the notation of [55]. Note that the fermionic components of first and the
second of N = 4 higher spin multiplets are mixed. Similarly, the second N = 2 higher spin
multiplet can be obtained from the following combinations
− 1
64
Φ
(3)
0 → c322W 3 0,
1
64
√
2
(
3 Φ˜
(2),2
3
2
− Φ(3),21
2
)
→ c322W 3+,
22
164
√
2
(
3 Φ˜
(2),2
3
2
+
1
2
Φ
(3),2
1
2
)
→ c322W 3−, −
3
64
Φ˜
(2)
2 → c322W 3 1, (5.3)
where c322 is the structure constant appearing in the higher spin-3 current in the OPE between
the higher spin-2 current and itself. We will come back to this issue together with Appendix
L in section 7.
Then from these observations, we can further generalize to the next N = 2 higher spin
multiplet from the N = 4 higher spin multiplets as follows:
(s = 0,
1
2
,
1
2
,
1
2
,
1
2
, 1, 1, 1, 1, 1, 1,
3
2
,
3
2
: G2,
3
2
,
3
2
, 2 : L),
(s = 1 : Φ
(1)
0 ,
3
2
,
3
2
: Φ
(1),2
1
2
,
3
2
,
3
2
, 2, 2, 2, 2, 2, 2,
5
2
,
5
2
: Φ˜
(1),2
3
2
,
5
2
,
5
2
, 3 : Φ˜
(1)
2 ),
(s = 2 : Φ
(2)
0 ,
5
2
,
5
2
: Φ
(2),2
1
2
,
5
2
,
5
2
, 3, 3, 3, 3, 3, 3,
7
2
,
7
2
: Φ˜
(2),2
3
2
,
7
2
,
7
2
, 4 : Φ˜
(2)
2 ),
(s = 3 : Φ
(3)
0 ,
7
2
,
7
2
: Φ
(3),2
1
2
,
7
2
,
7
2
, 4, 4, 4, 4, 4, 4,
9
2
,
9
2
: Φ˜
(3),2
3
2
,
9
2
,
9
2
, 5 : Φ˜
(3)
2 ),
(s = 4 : Φ
(4)
0 ,
9
2
,
9
2
: Φ
(4),2
1
2
,
9
2
,
9
2
, 5, 5, 5, 5, 5, 5,
11
2
,
11
2
: Φ˜
(4),2
3
2
,
11
2
,
11
2
, 6 : Φ˜
(4)
2 ),
· · · . (5.4)
We list the 16 (higher spin)currents with its spins and we denote the corresponding N = 2
quantities by the fields. Each N = 2 higher spin multiplet of superspin s can be obtained
from two different N = 4 higher spin multiplets of superspin s and (s − 1) in (5.4). The
first two, Φ
(s)
0 and Φ
(s),2
1
2
can be taken from the former, while the last two Φ˜
(s−1),2
3
2
and Φ˜
(s−1)
2
can be obtained from the latter. As observed before, the choice of SO(4) vector index in the
fermionic field is arbitrary. In our convention, we take the index as 2. In section 7, we will
see that the corresponding fermionic quantity has a 2× 2 identity matrix.
6 Free field realization with vanishing ’t Hooft-like cou-
pling constant
In this section, we describe the free field realization associated with the WN=4∞ [λ] algebra at
the vanishing ’t Hooft coupling constant. After identifying some of the 16 currents of the
large N = 4 linear superconformal algebra in terms of free fields, the first and second N = 4
multiplets are written in terms of free fields. Then the (anti)commutators for general spins
s1, s2 with manifest SO(4) symmetry are obtained explicitly
20.
20In this section we are using the notations for the spins h1, h2 and h, instead of using s1, s2, and s.
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6.1 Some of the 16 currents in terms of free fields
As in the section 1, there are 2N -free complex bosons transforming as bifundamental (N¯, 2)⊕
(N, 2¯) of U(N)×U(2) and 2N -free complex fermions transforming similarly under the U(N)×
U(2). We follow the notations used in [10] and [18]. The complex bosons are denoted by ∂ φi¯,a
and ∂ φ¯i,a¯ where i, i¯ = 1, 2, · · · , N and a, a¯ = 1, 2. The complex fermions are denoted by ψ i¯,α
and ψ¯i,α¯ where i, i¯ = 1, 2, · · · , N and α, α¯ = 1, 2. By constructing the bilinear terms between
these free fields, we can obtain the following quasi (eight bosonic and eight fermionic) primary
fields of spin h as follows:
W
α¯β
F,h(z) = nWF,h
h−1∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)k
(
h− 1
k
)2
( ∂h−k−1ψ¯i,α¯ ∂kψ ı¯,β )(z) ,
W a¯bB,h(z) = nWB,h
h−2∑
k=0
N∑
i, ı¯=1
δi,¯ı
(−1)k
(h− 1)
(
h− 1
k
)(
h− 1
k + 1
)
( ∂h−k−1φ¯i,a¯ ∂k+1φı¯,b )(z) ,
Qa¯αh (z) = nQh
h− 3
2∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)k
(
h− 3
2
k
)(
h− 1
2
k
)
( ∂h−k−
1
2 φ¯i,a¯∂kψ ı¯,α )(z) ,
Q¯aα¯h (z) = nQ¯h
h− 3
2∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)h− 32+k
(
h− 3
2
k
)(
h− 1
2
k
)
( ∂h−k−
1
2φı¯,a∂kψ¯i,α¯ )(z) .(6.1)
Each field has four components, 11, 12, 21, 22. As described in the section 1, there are only
four spin-1 currents and there are eight currents of spins s = 3
2
, 2, 5
2
, 3, · · ·. The overall
normalizations are taken from the ones in [24] 21.
nWF,h =
2h−3(h− 1)!
(2h− 3)!! q
h−2, nWB,h =
2h−3 h!
(2h− 3)!! q
h−2, nQh = nQ¯h =
2h−1(h− 1
2
)!
(2h− 2)!! q
h− 3
2 . (6.2)
The binomial coefficients used in (6.1) are denoted by
(
n
k
)
≡ n!
k! (n−k)!
. The OPEs between
the free fields are given by
∂ φ¯i,a¯(z) ∂ φj¯ b(w) =
1
(z − w)2 δ
ij¯ δa¯b + · · · , ψ¯i,α¯(z)ψj¯,β(w) = 1
(z − w) δ
i,j¯ δα¯,β + · · · . (6.3)
The indices of (anti)fundamental representations of U(N) in (6.1) are summed.
The stress energy tensor of spin 2 is given by the usual Sugawara construction from (6.1)
and (6.2) as follows:
L = W 11B,2 +W
22
B,2 +W
11
F,2 +W
22
F,2. (6.4)
21The q can be arbitrary value.
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The central charge is
c = N(2K + L)
∣∣∣∣∣
K=L=2
= 6N. (6.5)
This can be seen from the discussion of (2.8).
We can think of the four spin-3
2
currents of the large N = 4 superconformal algebra as
the linear combinations of Qa¯α3
2
and Q¯aα¯3
2
. By using the fact that they are primary fields under
the stress energy tensor (6.4) (corresponding to the second relation of (G.1)) and the defining
equations for the OPEs between the spin-3
2
currents (corresponding to the fourth relation of
(G.1)) which contain the stress energy tensor in the first order pole, we obtain the following
four spin-3
2
currents of the large N = 4 linear superconformal algebra
G1 = −1
2
(Q113
2
+ i
√
2Q123
2
+ 2i
√
2Q213
2
− 2Q223
2
− 2 Q¯113
2
− 2i
√
2Q123
2
− i
√
2 Q¯213
2
+ Q¯223
2
) ,
G2 =
i
2
(Q113
2
+ 2i
√
2Q213
2
− 2Q223
2
− 2 Q¯113
2
− 2i
√
2 Q¯123
2
+ Q¯223
2
) ,
G3 =
i
2
(Q113
2
+ i
√
2Q123
2
− 2Q223
2
− 2 Q¯113
2
− i
√
2 Q¯213
2
+ Q¯223
2
) ,
G4 =
1
2
Q113
2
+Q223
2
+ Q¯113
2
+
1
2
Q¯223
2
. (6.6)
Of course, there are 4! different choices for SO(4) vector indices. One of them is given by
(6.6).
The six spin-1 currents of the large N = 4 superconformal algebra appear as the linear
combinations of W α¯βF,1. We can obtain the following spin-1 currents from the previous OPEs
between the spin-3
2
currents by focusing on the second order pole
1
4q
(T 14 + T 23) = iW 11F,1 −
√
2W 12F,1 −
√
2W 21F,1 − iW 22F,1 ,
1
4q
(T 13 + T 42) = −W 11F,1 − i
√
2W 21F,1 +W
22
F,1 ,
1
4q
(T 12 + T 34) = W 11F,1 + i
√
2W 12F,1 −W 22F,1 . (6.7)
We can check that the remaining relations (the third, fifth and sixth in (G.1)) are satisfied.
Note that there are only four independent spin-1 currents in the free field construction as
mentioned before. Three of them are given in (6.7). We will observe the remaining one in
next subsection soon.
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6.2 The first N = 4 higher spin multiplet in terms of free fields
We consider the first N = 4 higher spin multiplet in terms of the free fields. We can construct
the following higher spin-1 current by summing over the indices 22
Φ
(1)
0 = 4q (W
11
F,1 +W
22
F,1) . (6.8)
The overall factor can be determined by the commutator between this higher spin-1 current
and the higher spin-3
2
current, which leads to the spin-3
2
current. See the second relation of
(G.3). Then the four components of W α¯βF,1 have the relations in (6.7) and (6.8).
Because we have seen the four spin-3
2
currents from (6.6), the remaining four spin-3
2
higher
spin currents can be obtained by using the OPE between the spin-3
2
currents (6.6) and the
higher spin-1 current in (6.8) (or the third relation of (G.2)) as follows 23:
Φ
(1),1
1
2
=
1
2
(Q113
2
+ i
√
2Q123
2
+ 2i
√
2Q213
2
− 2Q223
2
+ 2 Q¯113
2
+ 2i
√
2Q123
2
+ i
√
2 Q¯213
2
− Q¯223
2
) ,
Φ
(1),2
1
2
= − i
2
(Q113
2
+ 2i
√
2Q213
2
− 2Q223
2
+ 2 Q¯113
2
+ 2i
√
2 Q¯123
2
− Q¯223
2
) ,
Φ
(1),3
1
2
= − i
2
(Q113
2
+ i
√
2Q123
2
− 2Q223
2
+ 2 Q¯113
2
+ i
√
2 Q¯213
2
− Q¯223
2
) ,
Φ
(1),4
1
2
= −1
2
Q113
2
−Q223
2
+ Q¯113
2
+
1
2
Q¯223
2
. (6.9)
The defining relations (6.3) are used in this computation. Compared to the spin-3
2
currents in
(6.6), they are almost the same except some different signs in front of fields. In other words,
the four components of Qa¯α3
2
and the four components of Q¯aα¯3
2
have relations with eight (higher
spin)currents via (6.6) and (6.9).
We can proceed to obtain the next higher spin currents similarly. The six spin-2 higher
spin currents are determined by using the OPE between the spin-3
2
currents (6.6) and the
higher spin-3
2
current in (6.9) (or the fourth relation of (G.2)) and it turns out that 24
Φ
(1),12
1 = 2iW
11
B,2 −
√
2W 12B,2 − 2i W 22B,2 + 2iW 11F,2 − 2
√
2W 12F,2 − 2iW 22F,2 ,
Φ
(1),13
1 = −2iW 11B,2 + 4
√
2W 21B,2 + 2i W
22
B,2 − 2iW 11F,2 + 2
√
2W 21F,2 + 2iW
22
F,2 ,
22 This can be generalized to Φ
(s)
0 = q
−s+2 ( (s − 1)W aaB,s − sWααF,s ) for general spin s where we added the
q dependent rescaled overall factor and the first term which vanishes for s = 1.
23In this case, we have the general s dependent expression by multiplying the factor −q−s+1 (2s−1)4 in (6.9)
and changing the upper index (1) to (s) and the subscript 32 to (s +
1
2 ). For example, we have Φ
(s),1
1
2
=
−q−s+1 (2s−1)8 (Q11s+ 12 + · · ·) where the abbreviated part is the same as the seven terms with the subscript s+
1
2
in the first relation of (6.9) and so on.
24 By multiplying the overall factor −q−s+1 (2s−1)4 in (6.10) and changing the upper index (1) to (s) and
the subscript 2 to s+ 1, the general expression for the spin s with subscript 1 can be obtained.
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Φ
(1),14
1 = 2W
11
B,2 + i
√
2W 12B,2 + 4i
√
2 W 21B,2 − 2W 22B,2 − 2W 11F,2 − 2i
√
2W 12F,2
− 2i
√
2W 21F,2 + 2W
22
F,2 ,
Φ
(1),23
1 = −2W 11B,2 − i
√
2W 12B,2 − 4i
√
2 W 21B,2 + 2W
22
B,2 − 2W 11F,2 − 2i
√
2W 12F,2
− 2i
√
2W 21F,2 + 2W
22
F,2 ,
Φ
(1),24
1 = −2iW 11B,2 + 4
√
2W 21B,2 + 2i W
22
B,2 + 2iW
11
F,2 − 2
√
2W 21F,2 − 2iW 22F,2 ,
Φ
(1),34
1 = −2iW 11B,2 +
√
2W 12B,2 + 2i W
22
B,2 + 2iW
11
F,2 − 2
√
2W 12F,2 − 2iW 22F,2 . (6.10)
We have seen the spin-2 current from (6.4) and we will see the remaining higher spin-2 current
in next subsection. Therefore, we have explicit relations of four components of W α¯βF,2 and four
components of W a¯bB,2 with eight (higher spin)currents.
We can use the OPE between the spin-3
2
currents (6.6) and the higher spin-2 currents in
(6.10) (or the fifth relation of (G.2)) and the four spin-5
2
higher spin currents are found 25
Φ˜
(1),1
3
2
= − 1
2q
(Q115
2
+ i
√
2Q125
2
+ 2i
√
2Q215
2
− 2Q225
2
− 2 Q¯115
2
− 2i
√
2 Q¯125
2
− i
√
2 Q¯215
2
+ Q¯225
2
) ,
Φ˜
(1),2
3
2
=
i
2q
(Q115
2
+ 2i
√
2Q215
2
− 2Q225
2
− 2 Q¯115
2
− 2i
√
2 Q¯125
2
+ Q¯225
2
) ,
Φ˜
(1),3
3
2
=
i
2q
(Q115
2
+ i
√
2Q125
2
− 2Q225
2
− 2 Q¯115
2
− i
√
2 Q¯215
2
+ Q¯225
2
) ,
Φ˜
(1),4
3
2
=
1
2q
(Q115
2
+ 2Q225
2
+ 2 Q¯115
2
+ Q¯225
2
) . (6.11)
Note that the relative numerical coefficients are the same as the ones in (6.9). The remaining
half of the higher spin-5
2
currents can be obtained later.
Finally, the single higher spin-3 current of the first N = 4 higher spin multiplet is obtained
from the OPE between the spin-3
2
currents (6.6) and the higher spin-5
2
currents in (6.11) (or
the sixth relation of (G.2)) 26
Φ˜
(1)
2 = −
2
q
(W 11B,3 +W
22
B,3 +W
11
F,3 +W
22
F,3). (6.12)
This higher spin-3 current (6.12) looks like as the one in (6.4). The remaining seven higher
spin-3 currents can be found in next subsection.
The 16 higher spin currents at λ = 1 are given in Appendix I 27.
25We can generalize them by multiplying q−s+2 (2s−1)4 in (6.11) and changing the upper index (1) to (s)
and the subscript 52 to s+
3
2 .
26 By multiplying −q−s+1 (2s−1)4 in (6.12) and changing the upper index (1) to (s) and the subscript 3 to
s+ 2, we obtain the general expression Φ˜
(s)
2 = q
−s (2s−1)
2 (W
aa
B,s+2 +W
αα
F,s+2 ) .
27By considering the currents, L, Gi (i = 1, 3, 4), −G2, A−1 = 14q (T 14−T 23), A−2 = 14q (T 13−T 42), A−3 =
27
6.3 The second N = 4 higher spin multiplet in terms of free fields
We can also obtain the second N = 4 higher spin multiplet which can be realized by the free
fields.
For the higher spin-2 current Φ
(2)
0 , we can take the four terms appearing in (6.4), where
the first two terms have the same coefficient and the last two terms have the same coefficient.
We should use the primary condition and the defining relations in (G.4) which contain this
higher spin-2 current with the known expressions in the right hand side. For example, there
are the first, sixth and eleventh terms in (G.4). Then we obtain the higher spin-2 current
explicitly and we present it in Appendix H . Or we can use the fourth relation of (G.3) to
obtain the higher spin-5
2
current first and then use the fourth relation of (G.2) to obtain the
higher spin-2 current.
For the other higher spin-5
2
, 3, 7
2
, 4 currents, Φ
(2),i
1
2
, Φ
(2),ij
1 , Φ˜
(2),i
3
2
and Φ˜
(2)
2 , we apply the
procedure done in previous subsection to those higher spin currents. We can determine the
higher spin-5
2
currents from the third relation of (G.2). Once we find these currents, we can
substitute them into the fourth relation of (G.2) and obtain six higher spin-3 currents. Now
we can use the fourth relation to obtain the higher spin-7
2
currents. Finally, the sixth relation
of (G.2) leads to the higher spin-4 current. The complete expressions for these 16 higher spin
currents are given in Appendix H .
In this way, we can determine any N = 4 higher spin multiplet in terms of free fields.
We can check that the subalgebra from the complex bosons gives rise to W∞[1] algebra
[56]. We obtain the following spin-2, 3, 4 currents (where we fix N = 3 and it is straightforward
to consider the general N case)
T = W 11B,2 +W
22
B,2 , W =
1
2
√
6q
(
W 11B,3 +W
22
B,3
)
,
U =
√
41
42
32q2
(
W 11B,4 +W
22
B,4 −
96 q2
41
(
TT − 3
10
∂2T
))
. (6.13)
Then it is easy to observe that the square of structure constant C433, which is defined as the
coefficient in front of spin-4 current in the OPE between the spin-3 current and itself, is given
by (C433)
2 = 3584
123
. From the general expression appearing in [56, 57, 58, 59],
(C433)
2 =
64(c+ 2)(λ− 3)(c(λ+ 3) + 2(4λ+ 3)(λ− 1))
(5c+ 22)(λ− 2)(c(λ+ 2) + (3λ+ 2)(λ− 1)) , (6.14)
− 14q (T 12 − T 34), and higher spin currents, −(−1)sΦ(s)0 , −(−1)sΦ(s),i1
2
(i = 1, 3, 4), (−1)sΦ(s),21
2
, (−1)sΦ(s),ij1
(i, j = 1, 3, 4), −(−1)sΦ(s),2i1 (i = 1, 3, 4), (−1)s Φ˜(s),i3
2
(i = 1, 3, 4), −(−1)s Φ˜(s),23
2
, and (−1)s Φ˜(s)2 , we obtain
the same higher spin algebra for λ = 0.
28
we obtain λ = 1 at c = 2N K = 12. Therefore, the nonlinear W∞[1] algebra (6.13) is realized
by complex free bosons. See also the relevant paper [60] 28.
6.4 The (anti)commutators in WN=4∞ [λ = 0] algebra
Note that the quasi primary fields in (6.1) have N independent terms for fixed k. Each term
has its own nontrivial OPE according to (6.3). This implies that there are N independent
(anti)commutators between the higher spin currents. We can apply the result of Odake in [18]
to obtain N copies of the sum of the field dependent terms and the central term. Then again
we can use the expressions in (6.1) to reexpress the above field dependent terms by collecting
them in terms of the original quasi primary fields. The central terms can be added and it
will contribute to the overall factor N . Then we obtain the following (anti)commutators for
general spin h1, h2
[(W α¯βF,h1)m, (W
γ¯δ
F,h2
)n] =
∑
h≥−1
ph1h2hF (m,n)
qh
2
(
δγ¯βW α¯δF,h1+h2−2−h + (−1)hδα¯δW γ¯βF,h1+h2−2−h
)
m+n
+ cWF,h1 δ
α¯δδβγ¯δh1h2 q2(h1−2) δm+n ,
[(W a¯bB,h1)m, (W
c¯d
B,h2
)n] =
∑
h≥−1
ph1h2hB (m,n)
qh
2
(
δc¯bW a¯dB,h1+h2−2−h + (−1)hδa¯dW c¯bB,h1+h2−2−h
)
m+n
+ cWB,h1 δ
a¯dδbc¯δh1h2 q2(h1−2) δm+n ,
[(W α¯βF,h1)m, (Q
a¯γ
h2
)r] =
∑
h≥−1
qh1h2hF (m, r) q
h δα¯γ (Qa¯βh1+h2−2−h)m+r ,
[(W α¯βF,h1)m, (Q¯
aγ¯
h2
)r] =
∑
h≥−1
qh1h2hF (m, r) q
h(−1)h δβγ¯ (Q¯aα¯h1+h2−2−h)m+r ,
28Similarly, the subalgebra from the complex fermions is equivalent to W∞[0] algebra. With the following
spin-1, 2, 3, 4 currents at the central charge c = N L− 1 = 5 (by subtracting the contribution from the spin-1
current),
J = W 11F,1 +W
22
F,1 , T =W
11
F,2 +W
22
F,2 −
4 q2
3
JJ ,
W =
√
3
8q
(
W 11F,3 +W
22
F,3 −
16 q2
3
JT − 64 q
2
27
JJJ
)
,
U =
√
47
21
32q2
(
W 11F,4 +W
22
F,4 −
64 q2
15
J∂2J +
32 q4
5
∂J∂J − 8 q2 JW − 64 q
2
3
JJT
− 128 q
6
27
JJJJ − 296 q
2
47
(TT − 3
10
∂2T )
)
, (6.15)
we can obtain (C433)
2 = 75647 by using (6.14) which leads to λ = 0 at c = 5. Note that the OPEs between
the spin-1 current and the spin-2, 3, 4 currents do not have any singular terms. Therefore, the nonlinear
W∞[0] algebra (6.15) generated by spins 2, 3, 4, · · · is realized by complex free fermions. There is a free boson
realization for W1+∞ algebra [61].
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[(W a¯bB,h1)m, (Q
c¯α
h2)r] =
∑
h≥−1
qh1h2hB (m, r) q
h δc¯b (Qa¯αh1+h2−2−h)m+r ,
[(W a¯bB,h1)m, (Q¯
cα¯
h2
)r] =
∑
h≥−1
qh1h2hB (m, r) q
h(−1)h δa¯c (Q¯bα¯h1+h2−2−h)m+r ,
{(Qa¯αh1 )r, (Q¯bβ¯h2)s} =
∑
h≥0
qh
(
oh1h2hF (r, s) δ
a¯bW
β¯α
F,h1+h2−1−h
+ oh1h2hB (r, s)δ
αβ¯W a¯bB,h1+h2−1−h
)
r+s
+ cQQ¯h1δ
a¯bδαβ¯δh1h2q2(h1−1)δm+n. (6.16)
Here the central terms in (6.16) are given by
cWF,h(m) = N
22(h−3)((h− 1)!)2
(2h− 3)!! (2h− 1)!!
h−1∏
j=1−h
(m+ j),
cWB,h(m) = N
22(h−3)(h− 2)! h!
(2h− 3)!! (2h− 1)!!
h−1∏
j=1−h
(m+ j),
cQQ¯h1
(r) = N
22(h−
3
2
)(h− 3
2
)! (h− 1
2
)!
((2h− 2)!!)2
h− 3
2∏
j= 1
2
−h
(r + j +
1
2
) . (6.17)
In (6.17), there is an overall factor N .
The mode dependent expressions appearing in (6.16) are described as follows:
ph1h2hF (m,n) =
1
2(h+ 1)!
φ
h1,h2
h (0,−12)Nh1,h2h (m,n),
ph1h2hB (m,n) =
1
2(h+ 1)!
φ
h1,h2
h (0, 0)N
h1,h2
h (m,n),
qh1h2hF (m, r) =
(−1)h
4(h+ 2)!
(
(h1 − 1)φh1,h2+
1
2
h+1 (0, 0)
− (h1 − h− 3)φh1,h2+
1
2
h+1 (0,−12)
)
N
h1,h2
h (m,n),
qh1h2hB (m, r) =
−1
4(h+ 2)!
(
(h1 − h− 2)φh1,h2+
1
2
h+1 (0, 0)− (h1)φh1,h2+
1
2
h+1 (0,−12)
)
N
h1,h2
h (m,n),
oh1h2hF (r, s) =
4(−1)h
h!
(
(h1 + h2 − 1− h)φh1+
1
2
,h2+
1
2
h (
1
2
,−1
4
)
− (h1 + h2 − 3
2
− h)φh1+
1
2
,h2+
1
2
h+1 (
1
2
,−1
4
)
)
N
h1,h2
h−1 (m,n),
oh1h2hB (r, s) = −
4
h!
(
(h1 + h2 − 2− h)φh1+
1
2
,h2+
1
2
h (
1
2
,−1
4
)
− (h1 + h2 − 3
2
− h)φh1+
1
2
,h2+
1
2
h+1 (
1
2
,−1
4
)
)
N
h1,h2
h−1 (m,n). (6.18)
Moreover, we introduce following quantities
N
h1,h2
h (m,n) =
h+1∑
l=0
(−1)l
(
h+ 1
l
)
[h1 − 1 +m]h+1−l[h1 − 1−m]l
30
× [h2 − 1 + n]l[h2 − 1− n]h+1−l,
φ
h1,h2
h (x, y) = 4F3
[ −1
2
− x− 2y, 3
2
− x+ 2y,−h+1
2
+ x,−h
2
+ x
−h1 + 32 ,−h2 + 32 , h1 + h2 − h− 32
; 1
]
. (6.19)
The falling Pochhammer symbol [a]n ≡ a(a−1) · · · (a−n+1) is used in (6.19). The previous
notation for the binomial coefficients is used. The generalized hypergeometric function, with
4 upper arguments ai, 3 lower arguments bi and variable z, is defined as the series
4F3
[
a1, a2, a3, a4
b1, b2, b3
; z
]
=
∞∑
n=0
(a1)n(a2)n(a3)n(a4)n
(b1)n(b2)n(b3)n
zn
n!
, (6.20)
where the rising Pochhammer symbol (a)n ≡ a(a + 1) · · · (a + n − 1) is used in (6.20). Due
to the fact that there is a relation between the arguments and the variable, b1 + b2 + b3 =
a1 + a2 + a3 + a4 + z for the φ
h1,h2
h (x, y) in (6.19), the infinite series (6.20) for this particular
case terminates [21]. The quantity Nh1,h2h (m,n) in (6.19) can be written in terms of Clebsch
Gordan coefficients [21].
In summarizing 29, the (anti)commutators between the N = 4 higher spin multiplets are
basically described by (6.16). More precisely, they with manifest SO(4) symmetry are written
in terms of the linear combinations of (6.16). Because we have the s-th N = 4 higher spin
multiplet in terms of free fields from the footnotes 22-26 (see also Appendix J where the
inverse relations between them are given), we can calculate the (anti)commutators between
them by using the relations in (6.16). Then we arrive at the following results 30, with simplified
notations where the mode indices are ignored,
[
Φ
(h1)
0 ,Φ
(h2)
0
]
=
1
2
(h1+h2−3)∑
h=0
1
2(h1 + h2 − 2h)− 5
×
((
− h1 h2 ph1h2F,2h + (h1 − 1) (h2 − 1) ph1h2B,2h
)
Φ
(h1+h2−2h−2)
0
+
2
2(h1 + h2 − 2h)− 9
(
h1 h2 (h1 + h2 − 2h− 3) ph1h2F,2h
+ (h1 − 1) (h2 − 1) (h1 + h2 − 2h− 2) ph1h2B,2h
)
Φ˜
(h1+h2−2h−4)
2
)
29 As observed in [18] where N is fixed by 1 in the context of coset model, we can check that by contracting
the indices in the second relation of (6.16), the bosonic realization provides the W∞ algebra [22], where the
central charge is given by c = 2, with increased central charge by a factor N K according to (6.5). The
fermionic realization with the first relation of (6.16) contains the subalgebra W1+∞ algebra [23], where the
central charge is given by c = 1, with increased central charge by a factor N L. Note that the variable y of
ph1h2hF (m,n) is equal to − 12 while the one of ph1h2hB (m,n) is equal to 0 in (6.18) and (6.19). The variable y
corresponds to the variable s in [21, 23].
30In practice, we calculate the (anti)commutators for h1, h2 ≤ 5 and read off the h1, h2 and h-dependences
in the right hand side of the (anti)commutators.
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+ δh1h2
N 22h1−5h1!(2h1!− (h1 − 1)!)
(2h1 − 3)!!(2h1 − 1)!!
h1−1∏
j=−h1+1
(m+ j) ,
[
Φ
(h1)
0 ,Φ
(h2),i
1
2
]
=
1
2
(h1+h2−3)∑
h=0
−(2h2 − 1)
2(h1 + h2 − 2h)− 5
(
h1 q
h1(h2+
1
2
)
F,2h − (h1 − 1) qh1(h2+
1
2
)
B,2h
)
× Φ(h1+h2−2h−2),i1
2
+
1
2
(h1+h2−4)∑
h=−1
(2h2 − 1)
2(h1 + h2 − 2h)− 9
×
(
h1 q
h1(h2+
1
2
)
F,2h+1 − (h1 − 1) qh1(h2+
1
2
)
B,2h+1
)
Φ˜
(h1+h2−2h−4),i
3
2
,
[
Φ
(h1)
0 ,Φ
(h2),ij
1
]
=
1
2
(h1+h2−2)∑
h=0
−(2h2 − 1)
4(h1 + h2 − 2h)−10
×
((
h1 p
h1(h2+1)
F,2h − (h1−1) ph1(h2+1)B,2h
)
Φ
(h1+h2−2h−2),ij
1
+
(
h1 p
h1(h2+1)
F,2h + (h1 − 1) ph1(h2+1)B,2h
)
Φ˜
(h1+h2−2h−2),ij
1
)
,
[
Φ
(h1)
0 , Φ˜
(h2),i
3
2
]
=
1
2
(h1+h2−2)∑
h=0
−(2h2 − 1)
2(h1 + h2 − 2h)− 5
(
h1 q
h1(h2+
3
2
)
F,2h − (h1 − 1) qh1(h2+
3
2
)
B,2h
)
× Φ˜(h1+h2−2h−2),i3
2
+
1
2
(h1+h2−3)∑
h=−1
(2h2 − 1)
2(h1 + h2 − 2h)− 5
×
(
h1 q
h1(h2+
3
2
)
F,2h+1 − (h1 − 1) qh1(h2+
1
2
)
B,2h+1
)
Φ
(h1+h2−2h−2),i
1
2
,
[
Φ
(h1)
0 , Φ˜
(h2)
2
]
=
1
2
(h1+h2−1)∑
h=0
(2h2 − 1)
4(h1 + h2 − 2h)− 2
×
((
h1 p
h1(h2+2)
F,2h + (h1 − 1) ph1(h2+2)B,2h
)
Φ
(h1+h2−2h)
0
− 1
2(h1 + h2 + 2h)− 5
(
h1(h1 + h2 − 2h− 1) ph1(h2+2)F,2h
− (h1 − 1)(h1 + h2 − 2h) ph1(h2+2)B,2h
)
Φ˜
(h1+h2−2h−2)
2
)
, (6.21)
where the mode dependent piece in (6.21) is given in (6.18) and for simplicity, the third
element appearing in the upper index of pF , · · · is located at the lower index. The remaining
expressions for (anti)commutators are given in (J.1). The relations (G.3) and (G.4) can be
obtained from these complete results by substituting h1 and h2. The m in the first relation
is the mode of the first element Φ
(h1)
0 . We also use the notations in the footnote 11. We can
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also reexpress these (anti)commutators in terms of OPEs based on [21] 31. As before, the
above relations (6.21) will be the fundamental ones because the other ones can be obtained
from (6.21) in the OPE language. We can easily check that the coefficients of the higher spin
currents having negative spins in (6.21) and (J.1) are vanishing 32.
In the first and the last commutators of (6.21), the right hande side contains the SO(4)
singlets with subscript 0 and 2. In the second and fourth commutators, the SO(4) vectors
with subscript 1
2
and 3
2
appear. In the third commutator, the SO(4) adjoint with subscript 1
appears in the right hand side 33.
31 By using the expressions in [21]
Mh1h2h (m,n) =
h+1∑
k=0
(−1)k
(
h+ 1
k
)
(2h1 − h− 2)k[2h2 − 2− k]h+1−kmh+1−k nk ,
fh1h2B,h (m,n) =
1
2(h+ 1)!
φ
h1,h2
h (0, 0)M
h1h2
h (m,n) , f
h1h2
F,h (m,n) =
1
2(h+ 1)!
φ
h1,h2
h (0,−
1
2
)Mh1h2h (m,n) ,
we can obtain the following OPE corresponding to the first commutator in (6.21) as follows:
Φ
(h1)
0 (z)Φ
(h2)
0 (w) =
1
(z − w)h1+h2 δ
h1h2 N 22h1−5
h1 (2h1 − 1)!(h1 − 1)!(h1 − 1)!
(2h1 − 3)!!(2h1 − 3)!!
+ (−1)
1
2 (h1+h2+1)∑
h=0
1
2(h1 + h2 − 2h)− 5
×
((
− h1 h2 fh1h2F,2h (∂z , ∂w) + (h1 − 1) (h2 − 1) fh1h2B,2h (∂z, ∂w)
) Φ(h1+h2−2h−2)0 (w)
(z − w)
+
2
2(h1 + h2 − 2h)− 9
(
h1 h2 (h1 + h2 − 2h− 3) fh1h2F,2h (∂z , ∂w)
+ (h1 − 1) (h2 − 1) (h1 + h2 − 2h− 2) fh1h2B,2h (∂z , ∂w)
) Φ˜(h1+h2−2h−4)2 (w)
(z − w)
)
.
Note that the central term is obtained from the one in the corresponding commutator by considering further
the relation between the binomial coefficient and the product. The mode dependent parts in next singular
terms pF and pB go to the differential operators fF and fB respectively. The fields are functions of w together
with the factor 1(z−w) . The other numerical factors in the commutator remain as the same with extra minus
sign. We can obtain the OPEs for the other (anti)commutators similarly.
32 For example, φh1,h2h1+h2−3(0, 0) is written as 4F3
[
− 12 , 32 ,− (h1+h2−2)2 ,− (h1+h2−3)2−h1 + 32 ,−h2 + 32 , 32
; 1
]
=
3F2
[
a ≡ − 12 , b ≡ − (h1+h2−2)2 , c ≡ − (h1+h2−3)2
d ≡ −h1 + 32 , e ≡ −h2 + 32
; 1
]
because the upper second argument is equal to the
lower third argument and they are cancelled each other in (6.20). Therefore we are left with 3F2. Using the
definition of 3F2, we have the factor
1√
Γ(d−a) Γ(e−a)
= 1√
Γ(−h1+2) Γ(−h2+2)
which goes to zero for h1, h2 > 1.
Similarly, we have vanishing φh1,h2+2h1+h2−1(0, 0) by shifting h2 → h2 + 2.
33 In (G.3), the currents of the large N = 4 superconformal algebra occur in the right hand side. By
introducing the following notations − 12 L→ Φ(0)2 and 14 Gi → Φ(0),i3
2
, we can treat the currents and higher spin
currents in (6.21) and (J.1) simultaneously.
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7 AdS3 higher spin theory with matrix generalization
We consider the “deformed” oscillator construction [62, 63, 64] corresponding to the coset
construction in sections, 2, 3, and 4 associated with the N = 4 higher spin multiplets under
the large (N, k) limit. The Lie algebra shs[λ] is generated by yˆα(α = 1, 2) with defining
relations [65, 66, 67]
[yˆα, yˆβ] = 2 i ǫαβ(1 + ν k), k yˆα = −yˆα k, k2 = 1. (7.1)
The Chan-Paton factors are introduced and the generators of N = 4 higher spin algebra
denoted by shs2[λ] are given by the tensor product between the generators of the N = 2
higher spin algebra shs[λ] and U(2) generators. There is a relation between the parameter in
the N = 4 higher spin algebra and the one in the N = 4 coset model as follows:
ν = 2λ− 1, or λ = (ν + 1)
2
= µ. (7.2)
We construct the N = 4 (higher spin)generators at generic λ from the wedge subalgebra of
the WN=4∞ [λ] algebra 34.
7.1 The 16 generators and exceptional superalgebra D(2, 1| λ1−λ)
Spin-3
2
currents of the large N = 4 superconformal algebra provide the eight fermionic oper-
ators for N = 4 wedge algebra [1, 68] as follows:
G1± 1
2
= −1
2
ei
pi
4 yˆ 3
2
∓ 1
2
k ⊗
(
1 0
0 −1
)
, G2± 1
2
=
i
2
ei
pi
4 yˆ 3
2
∓ 1
2
⊗
(
1 0
0 1
)
,
G3± 1
2
=
i
2
ei
pi
4 yˆ 3
2
∓ 1
2
k ⊗
(
0 1
−1 0
)
, G4± 1
2
=
1
2
ei
pi
4 yˆ 3
2
∓ 1
2
k ⊗
(
0 1
1 0
)
. (7.3)
Note that the second component of the spin-3
2
current has a 2 × 2 identity matrix in its
expression. After calculating the anticommutators between these operators (7.3), we obtain
the following result{
Gir, G
j
ρ
}
= δij 2Lr+ρ − i (r − ρ)
(
T
ij
r+ρ − (2λ− 1) T˜ ijr+ρ
)
. (7.4)
For the same index i = j, the spin-2 current of the large N = 4 superconformal algebra gives
the three bosonic operators of N = 4 wedge algebra by using (7.1)
L+1 =
1
4i
yˆ1yˆ1 ⊗
(
1 0
0 1
)
,
34The product in the oscillators is a Moyal product [62]. On the other hand, the lone star product is
introduced in [21]. Recently, in [29], these two products are equivalent to each other.
34
L0 =
1
8i
(
yˆ1yˆ2 + yˆ2yˆ1
)
⊗
(
1 0
0 1
)
,
L−1 =
1
4i
yˆ2yˆ2 ⊗
(
1 0
0 1
)
. (7.5)
Moreover, for different index i 6= j, we can write down the six spin-1 operators as follows:
T 120 =
1
2
k ⊗
(
1 0
0 −1
)
, T 130 =
1
2
⊗
(
0 1
1 0
)
,
T 140 = −
i
2
⊗
(
0 1
−1 0
)
, T 230 =
i
2
k ⊗
(
0 1
−1 0
)
,
T 240 =
1
2
k ⊗
(
0 1
1 0
)
, T 340 = −
1
2
⊗
(
1 0
0 −1
)
. (7.6)
Note that for λ = 0, the last term of (7.4) can combine the second term. Then this leads to
the similar relation as in (6.7).
We can check that the following commutators are satisfied
[
Lm, Ln
]
= (m− n)Lm+n ,
[
Lm, G
i
r
]
= (
m
2
− r)Gim+r ,[
Lm, T
ij
n
]
= 0 ,
[
Gir, T
jk
m
]
= δij i Gkr+m − δik i Gjr+m ,[
T ijm , T
kl
n
]
= −i δik T jl + i δil T jk + i δjk T il − i δjl T ik . (7.7)
The N = 4 wedge algebra which generates nine bosonic and eight fermionic ones written in
terms of (7.3), (7.5) and (7.6) is characterized by (7.4) and (7.7). We can easily see that the
(anti)commutators in (G.1) will become the above N = 4 wedge algebra by restricting the
mode indices to the wedge indices.
7.2 The first N = 4 generators of N = 4 higher spin algebra shs2[λ]
Let us start with the following higher spin-1 operator [1]
Φ
(1)
0,0 = (k + ν)⊗
(
1 0
0 1
)
. (7.8)
Here the parameter ν has a relation with λ via (7.2).
We can calculate the following commutators from (7.3) and (7.8) and read off the higher
spin-3
2
operators appearing in the right hand side
[
Gir,Φ
(1)
0,0
]
= −Φ(1),i1
2
,r
. (7.9)
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This relation (7.9) is nothing but one of the N = 4 primary conditions. See also (G.2). It
turns out that the eight spin-3
2
operators are given by
Φ
(1),1
1
2
,± 1
2
= ei
pi
4 yˆ 3
2
∓ 1
2
⊗
(
1 0
0 −1
)
, Φ
(1),2
1
2
,± 1
2
= −i eipi4 yˆ 3
2
∓ 1
2
k ⊗
(
1 0
0 1
)
,
Φ
(1),3
1
2
,± 1
2
= −i eipi4 yˆ 3
2
∓ 1
2
⊗
(
0 1
−1 0
)
, Φ
(1),4
1
2
,± 1
2
= −eipi4 yˆ 3
2
∓ 1
2
⊗
(
0 1
1 0
)
. (7.10)
The second element has a 2× 2 identity matrix.
In order to obtain eighteen spin-2 operators, we should use the following anticommutators{
Gir,Φ
(1),j
1
2
,ρ
}
= −δij (r − ρ) Φ(1)0,r+ρ + Φ˜(1),ij1,r+ρ . (7.11)
Again, this is one of the N = 4 primary conditions in component approach. For equal index
i = j, there is no nontrivial relation. This will provide the following eighteen spin-2 operators
for different i and j indices as follows:
Φ
(1),12
1,−1 = −yˆ2yˆ2 k ⊗
(
1 0
0 −1
)
, Φ
(1),12
1,0 = −
1
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
k ⊗
(
1 0
0 −1
)
,
Φ
(1),12
1,+1 = −yˆ1yˆ1 k ⊗
(
1 0
0 −1
)
, Φ
(1),13
1,−1 = −yˆ2yˆ2 ⊗
(
0 1
1 0
)
,
Φ
(1),13
1,0 = −
1
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
⊗
(
0 1
1 0
)
, Φ
(1),13
1,+1 = −yˆ1yˆ1 ⊗
(
0 1
1 0
)
,
Φ
(1),14
1,−1 = i yˆ2yˆ2 ⊗
(
0 1
−1 0
)
, Φ
(1),14
1,0 =
i
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
⊗
(
0 1
−1 0
)
,
Φ
(1),14
1,+1 = i yˆ1yˆ1 ⊗
(
0 1
−1 0
)
, Φ
(1),23
1,−1 = −i yˆ2yˆ2 k ⊗
(
0 1
−1 0
)
,
Φ
(1),23
1,0 = −
i
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
k ⊗
(
0 1
−1 0
)
, Φ
(1),23
1,+1 = −i yˆ1yˆ1 k ⊗
(
0 1
−1 0
)
,
Φ
(1),24
1,−1 = −yˆ2yˆ2 k ⊗
(
0 1
1 0
)
, Φ
(1),24
1,0 = −
1
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
k ⊗
(
0 1
1 0
)
,
Φ
(1),24
1,+1 = −yˆ1yˆ1 k ⊗
(
0 1
1 0
)
, Φ
(1),34
1,−1 = yˆ2yˆ2 ⊗
(
1 0
0 −1
)
,
Φ
(1),34
1,0 =
1
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
⊗
(
1 0
0 −1
)
, Φ
(1),34
1,+1 = yˆ1yˆ1 ⊗
(
1 0
0 −1
)
. (7.12)
There are no elements having a 2× 2 identity matrix.
We can calculate the following commutators[
Gir,Φ
(1),jk
1,m
]
= −δij (Φ˜(1),k3
2
,r+m
− 1
3
(2 r −m)(2λ− 1) Φ(1),k1
2
,r+m
)
+ δik(Φ˜
(1),j
3
2
,r+m
− 1
3
(2 r −m)(2λ− 1)Φ(1),j1
2
,r+m
) + εijkl(2 r −m) Φ(1),l1
2
,r+m
,(7.13)
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which is one of the N = 4 primary conditions mentioned before. This enables us to obtain
the following sixteen spin-5
2
operators as follows:
Φ˜
(1),1
3
2
,− 3
2
= −i eipi4 yˆ2yˆ2yˆ2 k ⊗
(
1 0
0 −1
)
,
Φ˜
(1),1
3
2
,− 1
2
= − i
3
ei
pi
4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
k ⊗
(
1 0
0 −1
)
,
Φ˜
(1),1
3
2
,+ 1
2
= − i
3
ei
pi
4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
k ⊗
(
1 0
0 −1
)
,
Φ˜
(1),1
3
2
,+ 3
2
= −i eipi4 yˆ1yˆ1yˆ1 k ⊗
(
1 0
0 −1
)
, Φ˜
(1),2
3
2
,− 3
2
= − eipi4 yˆ2yˆ2yˆ2 ⊗
(
1 0
0 1
)
,
Φ˜
(1),2
3
2
,− 1
2
= −1
3
ei
pi
4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
⊗
(
1 0
0 1
)
,
Φ˜
(1),2
3
2
,+ 1
2
= −1
3
ei
pi
4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
⊗
(
1 0
0 1
)
,
Φ˜
(1),2
3
2
,+ 3
2
= − eipi4 yˆ1yˆ1yˆ1 ⊗
(
1 0
0 1
)
, Φ˜
(1),3
3
2
,− 3
2
= − eipi4 yˆ2yˆ2yˆ2 k ⊗
(
0 1
−1 0
)
,
Φ˜
(1),3
3
2
,− 1
2
= −1
3
ei
pi
4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
k ⊗
(
0 1
−1 0
)
,
Φ˜
(1),3
3
2
,+ 1
2
= −1
3
ei
pi
4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
k ⊗
(
0 1
−1 0
)
,
Φ˜
(1),3
3
2
,+ 3
2
= − eipi4 yˆ1yˆ1yˆ1 k ⊗
(
0 1
−1 0
)
, Φ˜
(1),4
3
2
,− 3
2
= i ei
pi
4 yˆ2yˆ2yˆ2 k ⊗
(
0 1
1 0
)
,
Φ˜
(1),4
3
2
,− 1
2
=
i
3
ei
pi
4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
k ⊗
(
0 1
1 0
)
,
Φ˜
(1),4
3
2
,+ 1
2
=
i
3
ei
pi
4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
k ⊗
(
0 1
1 0
)
,
Φ˜
(1),4
3
2
,+ 3
2
= i ei
pi
4 yˆ1yˆ1yˆ1 k ⊗
(
0 1
1 0
)
. (7.14)
Note that the SO(4) index i = 2 case has a 2× 2 identity matrix.
From the following anticommutators coming from N = 4 primary conditions with wedge
conditions (see also (G.2)){
Gir, Φ˜
(1),j
3
2
,ρ
}
= −δij Φ˜(1)2,r+ρ − (3r − ρ)
(
Φ
(1),ij
1,r+ρ −
1
3
(2λ− 1) Φ˜(1),ij1,r+ρ
)
, (7.15)
we can determine the five spin-3 operators as follows:
Φ˜
(1)
2,−2 = −yˆ2yˆ2yˆ2yˆ2 ⊗
(
1 0
0 1
)
,
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Φ˜
(1)
2,−1 = −
1
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
⊗
(
1 0
0 1
)
,
Φ˜
(1)
2,0 = −
1
6
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
⊗
(
1 0
0 1
)
,
Φ˜
(1)
2,+1 = −
1
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
⊗
(
1 0
0 1
)
,
Φ˜
(1)
2,+2 = −yˆ1yˆ1yˆ1yˆ1 ⊗
(
1 0
0 1
)
. (7.16)
These SO(4) singlets have a 2×2 identity matrix in their expressions. We can check that the
following commutator satisfies[
Gir, Φ˜
(1)
2,m
]
= −(4r −m) Φ˜(1),i3
2
,r+m
. (7.17)
The relation (7.17) can be checked from (7.3), (7.16) and (7.14).
Therefore, the oscillator realization for the firstN = 4 higher spin operators is summarized
by (7.8), (7.10), (7.12), (7.14), and (7.16). Note that the oscillators yˆα appear symmetrically.
7.3 The second N = 4 generators of N = 4 higher spin algebra
shs2[λ]
Let us consider the second N = 4 higher spin generators. For the higher spin-2 operator, we
can find the higher spin-5
2
operator Φ
(2),i
1
2
first. From the relation coming from the N = 4
wedge algebra in (G.3)
[
Φ
(1)
0,m, Φ˜
(1),i
3
2
,r
]
= −1
2
Φ
(2),i
1
2
,m+r
, (7.18)
we obtain sixteen higher spin-5
2
operators by calculating the left hand side of (7.18). After
that, we can determine the three higher spin-2 operators by using (7.11) for upper index s = 2
(or the fourth relation of (G.2)) for equal index i = j. For the higher spin-3 operator, we can
use (7.11) for s = 2 for different indices i 6= j. Then thirty higher spin-3 operators can be
determined. The relation (7.13) for upper index s = 2 (or the fifth relation of (G.2)) is used
for the twenty four higher spin-7
2
operators. Finally, the seven higher spin-4 operators can be
obtained from the relation (7.15) for upper index s = 2 35.
35 We present them explicitly in Appendix K where we can see a 2 × 2 identity matrix for the SO(4)
vector index i = 2. Compared to the first N = 4 generators, the number of oscillators is increased with
different overall factors. The form of U(2) matrix elements remain the same and the oscillators yˆα appear
symmetrically as before.
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7.4 The s-th N = 4 generators of N = 4 higher spin algebra shs2[λ]
From the results of the first and the second N = 4 higher spin generators (together with the
third and fourth ones) in terms of oscillators, we obtain the following expressions for the s-th
N = 4 higher spin generators
Φ
(s)
0,m =
[
(s− 1−m)!(s− 1 +m)!
(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s−1+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−1−m)
((2s− 1)k + ν)⊗
(
1 0
0 1
)
,
Φ
(s),1
1
2
,m
=
[
(s− 1
2
−m)!(s− 1
2
+m)!
(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s− 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s− 1
2
−m)
⊗
(
1 0
0 −1
)
,
Φ
(s),2
1
2
,m
= −i
[
(s− 1
2
−m)!(s− 1
2
+m)!
(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s− 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s− 1
2
−m)
k ⊗
(
1 0
0 1
)
,
Φ
(s),3
1
2
,m
= −i
[
(s− 1
2
−m)!(s− 1
2
+m)!
(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s− 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s− 1
2
−m)
⊗
(
0 1
−1 0
)
,
Φ
(s),4
1
2
,m
= −
[
(s− 1
2
−m)!(s− 1
2
+m)!
(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s− 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s− 1
2
−m)
⊗
(
0 1
1 0
)
,
Φ
(s),12
1,m = −
[
(s−m)!(s +m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
k ⊗
(
1 0
0 −1
)
,
Φ
(s),13
1,m = −
[
(s−m)!(s +m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
⊗
(
0 1
1 0
)
,
Φ
(s),14
1,m = i
[
(s−m)!(s+m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
⊗
(
0 1
−1 0
)
,
Φ
(s),23
1,m = −i
[
(s−m)!(s+m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
k ⊗
(
0 1
−1 0
)
,
Φ
(s),24
1,m = −
[
(s−m)!(s +m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
k ⊗
(
0 1
1 0
)
,
Φ
(s),34
1,m =
[
(s−m)!(s+m)!
2s(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s−m)
⊗
(
1 0
0 −1
)
,
Φ˜
(s),1
3
2
,m
= −i
[
(s+ 1
2
−m)!(s+ 1
2
+m)!
2s(2s+ 1)(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+ 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s+ 1
2
−m)
k ⊗
(
1 0
0 −1
)
,
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Φ˜
(s),2
3
2
,m
= −
[
(s+ 1
2
−m)!(s+ 1
2
+m)!
2s(2s+ 1)(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+ 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s+ 1
2
−m)
⊗
(
1 0
0 1
)
,
Φ˜
(s),3
3
2
,m
= −
[
(s+ 1
2
−m)!(s+ 1
2
+m)!
2s(2s+ 1)(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+ 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s+ 1
2
−m)
k ⊗
(
0 1
−1 0
)
,
Φ˜
(s),4
3
2
,m
= i
[
(s+ 1
2
−m)!(s + 1
2
+m)!
2s(2s+ 1)(2s− 2)!
]
ei
pi
4 yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+ 1
2
+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s+ 1
2
−m)
k ⊗
(
0 1
1 0
)
,
Φ˜
(s)
2,m = −
[
(s+ 1−m)!(s+ 1 +m)!
2s(2s+ 1)(2s+ 2)(2s− 2)!
]
yˆ(1 · · · yˆ1︸ ︷︷ ︸
(s+1+m)
yˆ2 · · · yˆ2)︸ ︷︷ ︸
(s+1−m)
⊗
(
1 0
0 1
)
. (7.19)
The total number of the 16 higher spin operators is given by 16(1 + 2s). The difference
between the number of yˆ1 and the number of yˆ2 is 2m. The number of yˆα for the higher spin
generator of spin sˆ is given by 2(sˆ − 1). We use the simplified notation for the symmetric
product of oscillators yˆα. For example, the expression yˆ(1 yˆ1 yˆ2 yˆ2 yˆ2) has ten terms as in Φ˜
(2),1
3
2
,− 1
2
of Appendix K. The higher spin generators of SO(4) singlet and SO(4) vector index 2 have
the 2×2 identity matrix and they will consist of the N = 2 higher spin algebra. The question
is what is the N = 4 higher spin algebra generated by (7.19) 36.
7.5 The (anti)commutators in N = 4 higher spin algebra shs2[λ]
In Appendix G, we present the (anti)commutators between the N = 4 higher spin multiplets
we have constructed in previous sections. They originate from the results of OPEs in the
coset construction. Because we do not know any OPEs for the general spins s1, s2, we cannot
further obtain the corresponding (anti)commutators. The next step we can consider is to use
the known expressions (7.19) of the N = 4 higher spin generators in terms of oscillators. Is it
possible to write down the λ dependent structure constants appearing in Appendix G in terms
of any closed form using a special function like as the ones in section 6 for the λ = 0 case?
According to the observation of [29], the N = 2 higher spin algebra shs[λ] can be written
in terms of closed form by generalizing the mode dependent quantity in (6.19). Moreover,
the nontrivial dependences of s1, s2, s and λ arise in the structure constants. Therefore, we
expect that the N = 4 higher spin algebra should be described in terms of closed form.
36There is an overall factor 12 difference between the first N = 4 higher spin multiplet in the coset model
and the one in the oscillator formalism. Similarly, the relative factor − i3 (− 65 ) difference appears in the
second(third) N = 4 higher spin multiplet of both descriptions.
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7.6 The N = 2 higher spin algebra shs[λ]
As described in section 5, among 16 higher spin generators in (7.19), there are four higher spin
generators, Φ
(s)
0,m, Φ
(s),2
1
2
,m
, Φ˜
(s),2
3
2
,m
and Φ˜
(s)
2,m which have U(2) identity matrix. We expect that they
consist of their own closed subalgebra. In particular, from the identifications (5.2) and (5.3),
we can calculate the corresponding (anti)commutators by using the quantities appearing in
the left hand sides with the help of Appendix G. In Appendix L, we collect the relevant
(anti)commutators from Appendix G. Moreover, the known (anti)commutators from [10, 55]
are presented in terms of the notations of the right hand sides of (5.2) and (5.3). Under
the wedge condition, we explicitly check that the N = 2 wedge algebra coming from the
first N = 2 higher spin multiplet, in addition to the generators of N = 2 superconformal
algebra, can be realized by the ten higher spin operators coming from the first, second and
third N = 4 higher spin generators as well as the two operators from the large N = 4 linear
superconformal algebra 37.
Let us consider the simplest case. We can rewrite the commutator between the first of
N = 2 higher spin generators found by [30]. By using the N = 2 higher spin algebra and
expressing the right hand side in terms of the elements of N = 2 higher spin generators (and
the generators of N = 2 superconformal algebra) as follows:
[W 2 0m , W
2 0
n ] =
√
(1−m)!(1 +m)!(1− n)!(1 + n)!
6
√
(1−m− n)!(1 +m+ n)!
C1 1 1mnm+n
×
(
1
3
(λ+ 1)(λ− 2)
(
(λ+ 1) f 1 1 1TTT − (λ− 2) f 1 1 1UUU
)
Lm+n
+
1√
3
(
(λ+ 1)2 f 1 1 1TTT − (λ− 2)2 f 1 1 1UUU
)
W 2 0m+n
)
, (7.20)
where the structure constants f jj
′j′′
AA′A′′ , which depend on the λ, are given in [27] and C
jj′j′′
mm′m′′ are
the SL(2) Clebsch-Gordan coefficients 38. See also [30]. We also have other (anti)commutators
in Appendix L. Therefore, we can observe that the N = 2 higher spin generators of N = 4
37 Moreover, according to the observation of [10], the wedge subalgebra of WN=2∞ [λ] algebra matches with
the corresponding N = 2 higher spin algebra studied in [27]. Therefore, we can conclude that the realization
of (7.19) with N = 2 supersymmetry indeed leads to the N = 2 higher spin algebra. That implies that we can
write down the λ dependent structure constants appearing in Appendix G in terms of closed form described
in [27].
38 One representation of the Clebsch-Gordan coefficients through hypergeometric function is Cj j
′ j′′
mm′m′′ =
δm+m′,m′′
√
(2j′′+1)(j+m)!(j′−m′)!(j′′+m′′)!(j′′−m′′)!(j′+j′′−j)!(j′′+j−j′)!√
(j−m)!(j′+m′)!(j+j′+j′′+1)!(j+j′−j′′)!(j′′−j−m′)!(j′′−j′+m′)!
3F2
[
−j +m,−j′ −m′,−j − j′ + j′′
1 + j′′ − j −m′, 1 + j′′ − j′ +m ; 1
]
appearing in [21].
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higher spin generators realized in (7.19) satisfy the corresponding N = 2 higher spin algebra
studied in [27]. We expect that the bosonic subalgebra should satisfy the higher spin algebra.
7.7 How to generate the N = 4 higher spin algebra shs2[λ]
For the general spins s1 and s2, we can think of the (anti)commutators between two 16 higher
spin generators and there are 256 (anti)commutators. Then how we can determine these
nontrivial (anti)commutators? For the vanishing ’t Hooft-like coupling constant, there exist
the previous relations in (6.21) and (J.1). The point is that we would like to determine
the structure constants for the nonzero λ. As an example, we take the simplest one where
h1 = 1 and h2 = 3. First of all, we do not know any OPEs from the coset construction. All
we have is the explicit form for the h-th N = 4 higher spin generators given by (7.19). In
principle, we can calculate the various (anti)commutators from the first and the third N = 4
higher spin generators, by using the relations (7.1). From the free field results in (6.21), we
can take the same SO(4) index structure and mode dependence and furthermore introduce
the undetermined structure constants in the right hand side. Then we can compute the
(anti)commutators by using the explicit forms in (7.19). We present the detailed computations
in ancillary.nb file 39.
8 Conclusions and outlook
As in the abstract, the OPEs between the first and second N = 4 higher spin multiplets are
obtained in component and in N = 4 superspace. By taking the large (N, k) ’t Hooft-like
limit, we obtain the WN=4∞ [λ] algebra for low spins. At λ = 0, the free field construction
is determined and the corresponding SO(4) symmetric WN=4∞ [0] algebra is obtained for any
spins s1 and s2. At λ 6= 0, the N = 4 higher spin algebra shs2[λ] is determined by using the
N = 4 wedge sublgebra of WN=4∞ [λ] algebra for low spins. We also present how to determine
the structure constants of the N = 4 higher spin algebra shs2[λ] for fixed spins s1 and s2
from the oscillator formalism.
We list the possible open problems along the line of this paper as follows:
• More OPEs
39 Several comments are in order. 1) In order to simplify the computation, we intentionally put the oscillator
yˆ1 to the left and the Klein operator k to the right in the product of oscillators along the line of [41]. 2) Also
the (anti)commutators of the two tensor products are written in terms of sum of the tensor product between
two product of oscillators and two U(2) matrix product with appropriate minus or plus sign depending on
the commutators or anticommutators. We can insert the general s-th N = 4 higher spin multiplet (7.19) in
the mathematica program rather than fixed one.
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It is an open problem to construct more OPEs (the OPE between the first and the
third N = 4 higher spin multiplets, the OPE between the second and the third N = 4
higher spin multiplets, · · ·) and observe any new features beyond the corresponding
wedge subalgebra (for example, the three-point functions with finite N and k). As the
spin increases, the structure of the OPE becomes more complicated and the problem
in this direction can be reduced if we can manage to express the singular terms in the
given OPE in terms of known (higher spin) currents.
• Application of free field construction to type IIB string theory
For the infinity limit of the level k, the free field construction was analyzed in the
context of the higher spin theory and the string theory [52] where (4N + 4) free bosons
and fermions are used. It would be interesting to analyze the free field construction
with 4N free bosons and fermions obtained in this paper (under the large (N, k) ’t
Hooft limit) and see how the higher spin symmetry can be embedded in the string
theory.
• Any ‘closed’ form for the (anti)commutators of higher spin algebra at generic λ
Maybe we can generalize the work of [28, 29] to the matrix computations and obtain
the N = 4 higher spin algebra at the general λ in closed form for any spins s1, s2 (In
this paper, we have found them for 1) s1 = 1, s2 = 1, 2) s1 = 1, s2 = 2, 3) s1 = 2, s2 = 2
and 4) s1 = 1, s2 = 3). Because we know the answer for λ = 0, we want to obtain the
N = 4 higher spin algebra shs2[λ] at nonzero λ for general s1 and s2. Maybe we should
examine the explicit cases for low spins (See also the subsection 7.7) and see how to
express those structure constants with the possible spin dependence.
• Orthogonal group
It is an open problem to describe the corresponding N = 4 orthogonal coset model and
to observe what the corresponding N = 4 higher spin algebra, constructed from the
oscillators, is. See also the relevant paper [54]. Furthermore, according to [10], this case
with fixed K and L which are different from 2 will be related to the explicit application
of type IIB string theory for the specific ratio of two three spheres.
• Nonsupersymmetric cases with general (K,L) values
According to the observation of [10], the coset model can be generalized by take the
arbitrary values for K and L. It would be interesting to check whether there exists any
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nontrivial extended conformal algebra, although there is no supersymmetry, by calcu-
lating the OPEs for several K and L values in the coset model. One of the motivations
in this direction is to consider the application of type IIB string theory with orthogonal
coset model.
• Construct the free fields with non U(N) invariant
In this paper, we have restricted to focus on the U(N) invariant quantity for the higher
spin currents. However, we can construct the higher spin currents which have the
explicit U(N) indices. In other words, it is an open problem to understand the role of
these higher spin currents with nonsinglet U(N). See also the relevant papers on this
direction [19, 20].
• Any relations with the rectangular W algebras
By allowing the group G = SU(N + 2) to generalize to G = SU(N + K) with K 6=
2, maybe we can see how the higher spin currents can be related to the ones of the
rectangular W algebras studied recently in [37, 38, 39]. For the case of K ≥ 3, there is
a symmetric tensor of rank three in SU(K). Maybe we can construct the higher spin
currents (like as Sugawara construction) using these tensors.
• The classical asymptotic symmetry algebra WN=4
∞,cl[λ]
According to the large N = 4 holography in [1], there should be the relation between
the nonlinear WN=4∞ [λ] algebra and the classical asymptotic nonlinear symmetry alge-
bra (which can be obtained from shs2[λ] by relaxing the wedge condition) of the AdS3
bulk theory. It is an open problem to check whether the classical asymptotic symme-
try algebra of the Vasiliev AdS3 higher spin theory with matrix generalization can be
reproduced from the WN=4∞ [λ] algebra in the coset model by taking the large central
charge limit or not. The nonlinear terms in both sides should match with each other.
• Adding the bosonic spin-1 operators in the free field construction
Although we have not analyzed for this possibility fully in this paper, it would be
interesting to observe whether we can add the bosonic spin-1 current in the free field
construction described in section 6. Should we modify the stress energy tensor of spin-2?
Can we also consider for the general K and L in order to have consistent closed algebra?
Maybe we should also consider the U(N) nonsinglet cases.
• Beyond the bilinear construction (cubic, quartic, · · · ) in the free field construction
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In the construction of higher spin square [69, 70], it is possible to consider the free field
construction beyond the bilinear terms. The corresponding algebra coming from higher
spin currents will be, in general, nonlinear and it is interesting to obtain the nontrivial
structure behind this rather complicated algebras. See also the relevant paper [17] in
the context of horizontal algebra.
• The N = 3 example
In [71], the N = 2 supersymmetry is enhanced by taking the critical level which allows
us to introduce the free fermionic fields. We expect that by introducing the matrix
generalization in the AdS3 higher spin theory, the corresponding higher spin algebra
can be obtained from the oscillator formalism. It will be an open problem to study in
detail. See also the relevant paper [64].
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A Quasi (super)primary fields from section 2
We present the various quasi primary super fields appearing in (2.9) of the section 2.3 40
Q
( 3
2
),i
1
2
= c
1
2
,1
1 J
4−i+c
1
2
,1
2 ∂J
i + c
1
2
,1
3 J
ijJj + εijkl c
1
2
,1
4 J
jJkJl ,
Q
(1),ij
1 = c
1,2
1 J
iJj + c1,22 J
ij+εijkl c1,23 J
kJl + c1,24 J
4−ij ,
40All the coefficients which are not in the Appendices are given explicitly in the attached ancillary.nb
file.
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Q
(2),ij
1 = c
1,1
1 (J
4−iJj − J4−jJi) + c1,12 ∂Jij + c1,13 ∂(JiJj) + c1,14 εijkl ∂(JkJl)
+ c1,15 (J
ikJkJj − JjkJkJi) ,
Q
( 1
2
),i
3
2
= c
3
2
,3
1 J
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Q
( 3
2
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3
2
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3
2
,2
1 J
4−i+c
3
2
,2
2 ∂J
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3
2
,2
3 J
4−ijJj + c
3
2
,2
4 ∂JJ
i + εijkl (c
3
2
,2
5 J
4−jkJl + c
3
2
,2
6 J
jJkJl) ,
Q
( 5
2
),i
3
2
= c
3
2
,1
1 D
iΦ(2)+c
3
2
,1
2 Φ
(1)DiΦ(1) + c
3
2
,1
3 J
ijJijJi + c
3
2
,1
4 ∂
2JJi + c
3
2
,1
5 ∂
2Ji + c
3
2
,1
6 J
ij∂Jj
+ c
3
2
,1
7 J
i∂JjJj + c
3
2
,1
8 J
ijJ4−j + c
3
2
,1
9 ∂J
ijJj + c
3
2
,1
10 J
4−ijJ4−j + c
3
2
,1
11 J
ij∂JJj
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3
2
,1
12 J
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3
2
,1
13 ∂J
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3
2
,1
14 ∂JJ
4−i + εijkl
(
c
3
2
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15 J
jJkJ4−l + c
3
2
,1
16 J
4−ijJikJl
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3
2
,1
17 J
ijJklJi + c
3
2
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18 ∂JJ
jkJl + c
3
2
,1
19 J
ijJiJkJl + c
3
2
,1
20 J
jk∂Jl + c
3
2
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21 ∂JJ
jJkJl
+ c
3
2
,1
22 ∂(J
jJkJl) + c
3
2
,1
23 ∂J
jkJl
)
+ c
3
2
,1
24 ∂J∂J
i ,
Q
(1)
2 = c
2,3
1 ∂J ,
Q
(2)
2 = c
2,2
1 Φ
(2)+c2,22 J
4−0 + c2,23 J
4−iJi + εijkl(c2,24 J
iJjJkJl + c2,25 J
ijJkl) + c2,26 J
ijJij
+ c2,27 J
4−ijJiJj + c2,28 J
ijJiJj + c2,29 ∂
2J+ c2,210 ∂J
iJi + c2,211 ∂J∂J ,
Q
(3)
2 = c
2,1
1 J
4−i∂Ji + c2,12 ∂J
4−iJi + c2,13 ∂
3J+ c2,14 ∂
2JiJi + c2,15 ∂(J
ijJiJj)
+ c2,16 J
iJj∂Jij + c2,17 ∂J∂J
iJi . (A.1)
We have complete expressions of (2.10) in (A.1).
The fundamental five OPEs in component approach corresponding to (2.9) are described
as
Φ
(1)
0 (z) Φ
(1)
0 (w) =
1
(z − w)2 c
0,2
0 + · · · ,
Φ
(1),i
1
2
(z) Φ
(1)
0 (w) =
1
(z − w) Q
( 3
2
),i
1
2
(w) + · · · ,
Φ
(1),ij
1 (z) Φ
(1)
0 (w) =
1
(z − w)2 Q
(1),ij
1 (w) +
1
(z − w)
[
∂Q
(1),ij
1 +Q
(2),ij
1
]
(w) + · · · ,
Φ
(1),i
3
2
(z) Φ
(1)
0 (w) =
1
(z − w)3 Q
( 1
2
),i
3
2
(w)
+
1
(z − w)2
[
2 ∂Q
( 1
2
),i
3
2
+Q
( 3
2
),i
3
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− (k −N)
3(2 + k +N)
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( 3
2
),i
1
2
]
(w)
+
1
(z − w)
[
3
2
∂2Q
( 1
2
),i
3
2
+ ∂Q
( 3
2
),i
3
2
+Q
( 5
2
),i
3
2
]
(w) + · · · ,
Φ
(1)
2 (z) Φ
(1)
0 (w) =
1
(z − w)3 Q
(1)
2 (w)
+
1
(z − w)2
[
3
2
∂Q
(1)
2 +Q
(2)
2
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− 8(k −N)
(5 + 4k + 4N + 3kN)
(Φ
(1)
0 Φ
(1)
0 + c
0,2
0 L)
]
(w)
+
1
(z − w)
[
∂2Q
(1)
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(2)
2 +Q
(3)
2
− 8(k −N)
(5 + 4k + 4N + 3kN)
∂(Φ
(1)
0 Φ
(1)
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0,2
0 L)
]
(w) + · · · . (A.2)
The quasi primary fields appearing in (A.2) are summarized by 41
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Q
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Q
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Q
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+ w6,3 Γ
iΓj∂~Tij + w7,3 U∂Γ
iΓi . (A.3)
We can obtain (A.3) from (A.1) by taking the appropriate procedures in (3.18). Note that the
new higher spin-2 primary field Φ
(2)
0 appears in the quasi primary field Q
(2)
2 . See also (2.10)
42. There are also linear terms having the typewriter font. The fields with a tilde are defined
in the footnote 11.
41 The expressions with typewriter font in Appendices will vanish under the large (N, k) limit. Some of the
linear terms also vanish.
42 All the other 120(= 136 − 16) OPEs can be read off from the relations (3.18) and (2.9) in the N = 4
superspace. Then we obtain all the results in Appendix H of [9].
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B Quasi (super)primary fields from section 3
The various quasi primary fields in sections 3.1, 3.2, and 3.3 are presented as follows:
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The full expressions of (3.8) and (3.11) are given in (B.1).
The quasi primary fields appearing in (3.19) of section 3.4 are presented as follows:
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The complete expressions of (3.20) and (3.21) are given in (B.2). Note that all the terms in
these quasi primary fields in (B.2) have the dependence of N = 4 higher spin multiplets Φ(s)
where s = 1, 2, 3 as well as the stress energy tensor J. We obtain (B.1) from (B.2) as before.
C Quasi primary fields from section 4
The previous OPE in (4.1) can be described further as
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where we introduce the last singular p2 terms in (4.1) as
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and p1 and p2 are given in (4.2). Then we obtain (C.2) as follows:
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Moreover, the remaining four kinds of fundamental OPEs can be described as
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3
2
+Q
( 7
2
),i
3
2
]
(w)
+
1
(z − w)
[
5
24
∂4Q
( 1
2
),i
3
2
+
1
6
∂3Q
( 3
2
),i
3
2
+
1
3
∂2Q
( 5
2
),i
3
2
+
5
7
∂Q
( 7
2
),i
3
2
+Q
( 9
2
),i
3
2
]
(w)
+
2α
5
4∑
n=2
1
(z − w)n
{
∂Φ
(2),i
1
2
Φ
(2)
0
}
n
(w) + · · · . (C.4)
We have the final quasi primary fields appearing in (C.1) with (C.3) and (C.4) as follows:
Q
(2)
0 = w0,2Φ
(2)
0 + w1,2Φ
(1)
0 Φ
(1)
0 + w2,2 L˜+ w3,2 ∂U + w4,2 UU + w5,2 T
ijT ij + w6,2 T
ijT˜ ij
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+ w7,2 Γ
iΓjT ij + w8,2 Γ
iΓjT˜ ij + w9,2 Γ
i∂Γi + εijklw10,2 Γ
iΓjΓkΓl,
Q
( 3
2
),i
1
2
= w1, 3
2
G˜i + w2, 3
2
∂Γi + w3, 3
2
ΓiU + εijkl(w4, 3
2
ΓjT kl + w5, 3
2
ΓjΓkΓl),
Q
( 5
2
),i
1
2
= w1, 5
2
Φ
(2),i
1
2
+ w2, 5
2
Φ
(1)
0 Φ
(1),i
1
2
+ w3, 5
2
∂G˜i + w4, 5
2
∂2Γi + w5, 5
2
Γi∂U + w5, 5
2
∂ΓiU
+ w6, 5
2
T ijG˜i · · ·+ εijkl(w16, 5
2
T jkG˜l + w17, 5
2
ΓjΓkG˜l · · ·+ w21, 5
2
ΓjΓkΓlU ),
Q
( 7
2
),i
1
2
= w1, 7
2
Φ
(2),j
3
2
+ w2, 7
2
∂Φ
(2),j
1
2
+ w3, 7
2
Φ
(1)
0 Φ
(1),j
3
2
+ w4, 7
2
Φ
(1)
0 ∂Φ
(1),i
1
2
+ · · ·
+ w20, 7
2
UΓiΦ
(1)
0 Φ
(1)
0
+ w21, 7
2
Γi∂Φ
(1)
0 Φ
(1)
0 + w22, 7
2
∂L˜Γi + w23, 7
2
L˜∂Γi + · · ·+ w67, 7
2
T˜ ijT˜ ij∂Γi
+ εijkl(w68, 7
2
ΓjΦ
(2),kl
1 + w69, 7
2
T jkΦ
(2),l
1
2
+ · · ·+ w117, 7
2
ΓjT ijT ijT kl
+ w118, 7
2
ΓjT ijT ikT lj )
+ (εijkl)2w118, 7
2
ΓjΓkΓlT ijT kl,
Q
(1),ij
1 = w1,1 T
ij + w2,1 Γ
iΓj + εijkl(w3,1 T
kl + w4,1 Γ
kΓl )− (i↔ j),
Q
(2),ij
1 = w1,2 G˜
iΓj + w2,2 ∂(Γ
iΓj) + w3,2 UΓ
iΓj + w4,2 T˜
jikΓjΓk + w5,2 T˜
ij
+ εijklw6,2 ∂(Γ
kΓl)
− (i↔ j),
Q
(3),ij
1 = w1,3Φ
(2),ij
1 + w2,3 Φ˜
(2),ij
1 + w3,3Φ
(1)j
0 Φ
(1),ij
1 + w4,3Φ
(1)j
0 Φ˜
(1),ij
1 + · · ·+ w42,3 T kiT jlT kl
+ w43,3 T
ijT klT kl + εijkl(w44,3Φ
(1),k
1
2
Φ
(1),l
1
2
+ w45,3 Γ
kΦ
(1)
0 Φ
(1),l
1
2
+ · · ·
+ w86,3 ∂Γ
iΓiΓkΓl + w87,3 Γ
iΓjΓkΓlT kl ) + w88,3 ε
ijklεrρδσΓrΓρT δσT kl
+ (εijkl)2(w89,3 Γ
iΓkT jlT kl + · · ·+ w92,3 ΓiΓjΓkΓlT ij )− (i↔ j),
Q
(4),ij
1 = w1,4 ∂Φ
(2),ij
1 + w2,4Φ
(1)
0 ∂Φ
(1),ij
1 + w3,4Φ
(1)
0 ∂Φ˜
(1),ij
1 + · · ·+ w126,4 G˜lT ikT klΓj
+ w127,4 G˜
lT ikΓjΓkΓl + w128,4 G˜
lT ikT jlΓk + · · ·+ w153,4 ∂T˜ ilT klΓjΓk
+ εijkl(w154,4 UΓ
kΦ
(2),l
1
2
+ w155,4 G˜
kΦ
(2),l
1
2
+ · · ·+ w296,4 ∂2T ikT il )
+ w297,4 ε
ijklεrρδσ T rρT δσUΓkΓl − (i↔ j),
Q
( 1
2
),i
3
2
= w1, 1
2
Γi,
Q
( 3
2
),i
3
2
= w1, 3
2
G˜i + w2, 3
2
∂Γi + w3, 3
2
ΓiU + w4, 3
2
ΓjT ij + εijkl(w5, 3
2
ΓjT kl + w6, 3
2
ΓjΓkΓl ),
Q
( 5
2
),i
3
2
= w1, 5
2
Φ
(2),i
1
2
+ w2, 5
2
ΓiΦ
(2)
0 + w3, 5
2
Φ
(1)
0 Φ
(1),i
1
2
+ · · ·+ w29, 5
2
εijkl T jiΓkΓiΓl,
Q
( 7
2
),i
3
2
= w1, 7
2
Φ
(2),i
3
2
+ w2, 7
2
∂Φ
(2),i
1
2
+ w3, 7
2
UΦ
(2),i
1
2
+ · · ·+ εijkl(w34, 7
2
ΓjΦ
(1),k
1
2
Φ
(1),l
1
2
+ w35, 7
2
ΓjΓkΦ
(1)
0 Φ
(1),l
1
2
+ w36, 7
2
ΓjΓkΓlΦ
(1)
0 Φ
(1)
0 ) + · · ·+ w93, 7
2
T ijΓj∂ΓjΓj
+ εijkl(w94, 7
2
ΓjT klL˜+ w95, 7
2
ΓjT kl∂U + · · ·+ w141, 7
2
T ijUΓjΓkΓl ) + · · ·
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+ w143, 7
2
(εijkl)2T ijT˜ klΓjΓkΓl ,
Q
(1)
2 = w1,1U,
Q
(2)
2 = w1,2Φ
(2)
0 + w2,2Φ
(1)
0 Φ
(1)
0 + w3,2 L˜+ w4,2 ∂U + w5 UU + w6,2 T
ijT ij + w7,2 T
ijT˜ ij
+ w8,2 Γ
iΓjT ij + w9,2 Γ
iΓjT˜ ij + w10,2 Γ
iG˜i + w11,2 Γ
i∂Γi + εijklw12,2 Γ
iΓjΓkΓl,
Q
(3)
2 = w1,3UΦ
(2)
0 + w2,3UΦ
(1)
0 Φ
(1)
0 + w3,3 Γ
iΦ
(2),i
1
2
+ w4,3 Γ
iΦ
(1)
0 Φ
(1),i
1
2
+ w5,3 UL˜+ w6,3 U∂U
+ w7,3UUU + w8,3 Γ
i∂G˜i + w9,3 ∂Γ
iG˜i + w10,3 Γ
i∂ΓiU + w11,3 Γ
i∂2Γi + w10,3 ∂Γ
i∂Γi
+ w12,3 Γ
iT ijG˜j + w13,3 Γ
iT ijG˜j + w14,3 Γ
iΓjT ijU + w15,3 T
ijT ijU + w16,3 Γ
iΓj∂T ij
+ w17,3(∂Γ
iΓjT ij + ∂2T ij) + εijkl(w18,3 Γ
iT jkG˜l + w19,3 Γ
iΓjΓkG˜l + w20,3 Γ
iΓjT klU
+ w21,3 T
ijT klU + w22,3 Γ
iΓj∂T kl + w23,3 ∂Γ
iΓjT kl + w24,3 ∂(Γ
iΓjΓkΓl) ),
Q
(4)
2 = w0,4Φ
(4)
0 + w1,4Φ
(2)
0 Φ
(2)
0 + w2,4Φ
(2)
2 + w3,4 L˜Φ
(2)
0 + · · ·+ w26,4Φ(1),ij1 Φ(1),ij1
+ w27,4Φ
(1),ij
1 Φ˜
(1),ij
1 · · ·+ w131,4 T ijT ijT klΓkΓl + w132,4 T ijT klT˜ ijT˜ kl · · ·
+ εijkl(w133,4 L˜Γ
iΓjΓkΓl + w134,4 L˜T
ijΓkΓl + · · ·+ w168,4 ΓiΓj∂Γk∂Γl ), (C.5)
where the central term in (C.1) contains
α =
(k −N)
2(k +N + 2)
,
e
0,4
0 =
1
(2 + k +N)3(4 + 3k + 3N + 2kN)(5 + 4k + 4N + 3kN)2
64kN
× (−100− 285k − 358k2 − 246k3 − 88k4 − 12k5 − 285N − 510kN − 275k2N + 8k3N
+ 56k4N + 16k5N − 358N2 − 275kN2 + 406k2N2 + 573k3N2 + 242k4N2 + 34k5N2
− 246N3 + 8kN3 + 573k2N3 + 510k3N3 + 155k4N3 + 12k5N3 − 88N4 + 56kN4
+ 242k2N4 + 155k3N4 + 30k4N4 − 12N5 + 16kN5 + 34k2N5 + 12k3N5) . (C.6)
Although the full expressions for the Q
( 9
2
),i
3
2
of spin-9
2
and the Q
(5)
2 of spin-5 are not given in
this Appendix, they are presented in ancillary.nb we attach and the complete expressions
for the quasi primary fields can be found also. The N = 4 version of quasi primary fields will
appear in Appendix F .
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D The OPE between the first N = 4 higher spin mul-
tiplet in the component approach under the large
(N, k) limit
From the OPEs in [9] (or in section 2.3), we write down the following 15 kinds of OPEs 43
under the large (N, k) limit
Φ
(1)
0 (z) Φ
(1)
0 (w) = −
1
(z − w)2 2N(λ− 1) + · · · ,
Φ
(1)
0 (z) Φ
(1),i
1
2
(w) =
1
(z − w) G
i(w) + · · · ,
Φ
(1)
0 (z) Φ
(1),ij
1 (w) = −
1
(z − w)2 2i
[
(2λ− 1)T ij − T˜ ij
]
(w) + · · · ,
Φ
(1)
0 (z) Φ˜
(1),i
3
2
(w) =
1
(z − w)3 8iλ(λ− 1) Γ
i(w)
− 1
(z − w)28
[
1
3
(2λ− 1)Gi + iλ(λ− 1) ∂Γi
]
(w)
− 1
(z − w)
1
2
Φ
(2),i
1
2
(w) + · · · ,
Φ
(1)
0 (z) Φ˜
(1)
2 (w) =
1
(z − w)3 16 λ(λ− 1)U(w)
+
1
(z − w)2
[
2Φ
(2)
0 − 8λ(λ− 1) ∂U
]
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ
(1),j
1
2
(w) =
δij
(z − w)3 4N(λ− 1) +
1
(z − w)2 2i
[
T ij − (2λ− 1)T˜ ij
]
(w)
+
1
(z − w)
[
− 2 δij L+ i ∂T ij − i (2λ− 1) ∂T˜ ij
]
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ
(1),jk
1 (w) = −
1
(z − w)3 8i λ(λ− 1)(δ
ij Γk − δik Γj)(w)
+
1
(z − w)2
[
(2λ− 1)(δij Gk − δikGj) + 3 εijklGl
]
(w)
+
1
(z − w)
[ (
δij
( 1
2
Φ
(2),k
1
2
+
1
3
(2λ− 1) ∂Gk
)
− (j ↔ k)
)
+ εijkl ∂Gl
]
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ˜
(1),j
3
2
(w) = − 1
(z − w)3 8
[
δij λ(λ− 1)U − i
3
(
2(2λ− 1) T ij
43Although there are nonlinear terms with the overall factors 1
N
, 1
N2
, · · · in the OPEs, the infinity limit of
N leads to the fact that there will be no contributions from these nonlinear terms. We also take the infinity
limit of N for the central terms. For the classical asymptotical symmetry algebra of AdS3 higher spin theory,
we should keep those nonlinear terms.
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+ (λ+ 1)(λ− 2) T˜ ij
) ]
(w)
− 1
(z − w)2 2 δ
ij Φ
(2)
0 (w)−
1
(z − w)
1
2
[
δij ∂Φ
(2)
0 − Φ˜(2),ij1
]
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ˜
(1)
2 (w) = −
1
(z − w)4 24i λ(λ− 1) Γ
i(w)
+
1
(z − w)3
8
3
[
2(2λ− 1)Gi + 9i λ(λ− 1) ∂Γi
]
(w)
+
1
(z − w)2
5
2
Φ
(2),i
1
2
(w)
+
1
(z − w)
1
2
∂Φ
(2),i
1
2
(w) + · · · ,
Φ
(1),ij
1 (z) Φ
(1),kl
1 (w) =
1
(z − w)4
[
12N(λ− 1) (δikδjl − δilδjk) + 4N(λ− 1)(2λ− 1) εijkl
]
− 1
(z − w)3 4i
[(
δik
(
(2λ− 1) T˜ jl + (2λ2 − 2λ− 1) T jl
)
− (k ↔ l)− (i↔ j) + (i↔ j, k ↔ l)
)]
(w)
− 1
(z − w)2
[
(δikδjl − δilδjk) 8L− εijkl
(
2Φ
(2)
0 −
8
3
(2λ− 1)L
)
+
(
2i δik
(
(2λ− 1) ∂T˜ jl + (2λ2 − 2λ− 1) ∂T jl
)
− (k ↔ l)− (i↔ j) + (i↔ j, k ↔ l)
)]
(w)
− 1
(z − w)
[
(δikδjl − δilδjk) 4 ∂L− εijkl
(
Φ
(2)
0 −
4
3
(2λ− 1)L
)
+
(
δik
( 1
2
Φ
(2),jl
1 +
2i
3
(2λ− 1) ∂T˜ jl + 2i
3
(2λ2 − 2λ− 1) ∂T jl
)
− (k ↔ l)− (i↔ j) + (i↔ j, k ↔ l)
)]
(w) + · · · ,
Φ
(1),ij
1 (z) Φ˜
(1),k
3
2
(w) =
1
(z − w)4
[
8i λ(λ− 1)(2λ− 1) (δik Γj − δjk Γi)
+ εijkl 24i λ(λ− 1) Γl
]
(w)
− 1
(z − w)3
[
16
3
(λ+ 1)(λ− 2) (δikGj − δjkGi)
]
(w)
− 1
(z − w)2
[(
δik
( 1
6
(2λ− 1) Φ(2),j1
2
+
16
9
(λ+ 1)(λ− 2) ∂Gj
)
− (i↔ j)
)
+ εijkl
5
2
Φ
(2),l
1
2
]
(w)
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− 1
(z − w)
[(
δik
( 1
2
Φ˜
(2),j
3
2
+
1
15
(2λ− 1) Φ(2),j1
2
+
4
9
(λ+ 1)(λ− 2) ∂2Gj
)
− (i↔ j)
)
+ εijkl ∂Φ
(2),l
1
2
]
(w) + · · · ,
Φ
(1),ij
1 (z) Φ˜
(1)
2 (w) =
1
(z − w)4
[
16i
(
(2λ2 − 2λ− 1) T ij + (2λ− 1) T˜ ij
) ]
(w)
+
1
(z − w)2 3Φ
(2),ij
1 (w) +
1
(z − w) ∂Φ
(2),ij
1 (w) + · · · ,
Φ˜
(1),i
3
2
(z) Φ˜
(1),j
3
2
(w) =
1
(z − w)5 δ
ij 64
3
N(λ− 1)(λ+ 1)(λ− 2)
+
1
(z − w)4
32i
3
[
(λ+ 1)(λ− 2) T ij
− (λ+ 1)(λ− 2)(2λ− 1) T˜ ij
]
(w)
+
1
(z − w)3
[
δij
8
9
(
3(2λ− 1) Φ(2)0 − 20(λ+ 1)(λ− 2)L
)
+
16i
3
(
(λ+ 1)(λ− 2) ∂T ij − (λ+ 1)(λ− 2)(2λ− 1) ∂T˜ ij
) ]
(w)
+
1
(z − w)2
[
δij
4
9
(
3(2λ− 1) ∂Φ(2)0 − 20(λ+ 1)(λ− 2) ∂L
)
+ 3Φ
(2),ij
1 −
1
3
(2λ− 1) Φ˜(2),ij1
+
16i
9
(
(λ+ 1)(λ− 2) ∂2T ij − (λ+ 1)(λ− 2)(2λ− 1) ∂2T˜ ij
) ]
(w)
+
1
(z − w)
[
δij
(1
2
Φ
(2)
2 +
2
5
(2λ− 1) ∂2Φ(2)0 −
8
3
(λ+ 1)(λ− 2) ∂2L
)
+
3
2
∂Φ
(2),ij
1 +
1
6
(2λ− 1) ∂Φ˜(2),ij1
+
4i
9
(
(λ+ 1)(λ− 2) ∂3T ij − (λ+ 1)(λ− 2)(2λ− 1) ∂3T˜ ij
) ]
(w)
+ · · · ,
Φ˜
(1),i
3
2
(z) Φ˜
(1)
2 (w) =
1
(z − w)4
80
3
(λ+ 1)(λ− 2)Gi
− 1
(z − w)3
[
4
3
(2λ− 1) Φ(2),i1
2
− 80
9
(λ+ 1)(λ− 2) ∂Gi
]
(w)
+
1
(z − w)2
[
7
2
Φ˜
(2),i
3
2
− 8
15
(2λ− 1) ∂Φ(2),i1
2
+
20
9
(λ+ 1)(λ− 2) ∂2Gi
]
+
1
(z − w)
[
3
2
∂Φ˜
(2),i
3
2
− 2
15
(2λ− 1) ∂2Φ(2),i1
2
+
4
9
(λ+ 1)(λ− 2) ∂3Gi
]
+ · · · ,
Φ˜
(1)
2 (z) Φ˜
(1)
2 (w) =
1
(z − w)6
320
3
N(λ+ 1)(λ− 1)(λ− 2)
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+
1
(z − w)4
[
8(2λ− 1) Φ(2)0 −
320
3
(λ+ 1)(λ− 2)L
]
(w)
+
1
(z − w)3
[
4(2λ− 1) ∂Φ(2)0 −
160
3
(λ+ 1)(λ− 2) ∂L
]
(w)
+
1
(z − w)2
[
4 Φ˜
(2)
2 +
6
5
(2λ− 1) ∂2Φ(2)0 − 16 (λ+ 1)(λ− 2) ∂2L
]
(w)
+
1
(z − w)
[
2 ∂Φ˜
(2)
2 +
4
15
(2λ− 1) ∂3Φ(2)0 −
32
9
(λ+ 1)(λ− 2) ∂3L
]
(w)
+ · · · . (D.1)
We keep the leading terms in the central terms after the infinity limit of N in (D.1). The
corresponding (anti)commutators will be given in (G.3) later. One of the reasons why we
present these OPEs is that we need to know the structure constants appearing in the quasi
primary fields in the right hand sides explicitly for the (anti)commutators. The relative
coefficients appearing in all the descendant terms of the quasi primary fields are determined
automatically. For example, from the fourth relation of (D.1) to the fourth relation of (G.3),
we need to have the explicit structure constants of Γi, Gi, and Φ
(2),i
1
2
of the former:8 i λ(λ− 1),
−8
3
(2λ− 1), and −1
2
.
E The OPE between the first and the second N = 4
higher spin multiplets in the component approach
under the large (N, k) limit
From the description of section 3 (in particular, (3.19)), we summarize the complete 25 kinds
of OPEs under the large (N, k) limit as follows:
Φ
(1)
0 (z) Φ
(2)
0 (w) = + · · · ,
Φ
(1)
0 (z) Φ
(2),i
1
2
(w) = − 1
(z − w) 2 Φ˜
(1),i
3
2
(w) + · · · ,
Φ
(1)
0 (z) Φ
(2),ij
1 (w) =
1
(z − w)2
[
8
3
(2λ− 1) Φ(1),ij1 − 8 Φ˜(1),ij1
]
(w) + · · · ,
Φ
(1)
0 (z) Φ˜
(2),i
3
2
(w) =
1
(z − w)3
32
3
(λ+ 1)(λ− 2) Φ(1),i1
2
(w)
+
1
(z − w)2
[
64
15
(2λ− 1) Φ˜(1),i3
2
− 32
9
(λ+ 1)(λ− 2) ∂Φ(1),i1
2
]
(w)
− 1
(z − w)
1
6
Φ
(3),i
1
2
(w) + · · · ,
Φ
(1)
0 (z) Φ˜
(2)
2 (w) = −
1
(z − w)4
64
3
(λ+ 1)(λ− 2) Φ(1)0 (w)
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+
1
(z − w)3
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3
(λ+ 1)(λ− 2) ∂Φ(1)0 (w)
+
1
(z − w)2
[
Φ
(3)
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(λ+ 1)(λ− 2) ∂2Φ(1)0
]
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+ · · · ,
Φ
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1
2
(z) Φ
(2)
0 (w) =
1
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(1),i
3
2
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ
(2),j
1
2
(w) = − 1
(z − w)2
[
8Φ
(1),ij
1 −
8
3
(2λ− 1) Φ˜(1),ij1
]
(w)
− 1
(z − w)
[
2 δij Φ˜
(1)
2 + 2 ∂Φ
(1),ij
1 −
2
3
(2λ− 1) ∂Φ˜(1),ij1
]
(w) + · · · ,
Φ
(1),i
1
2
(z) Φ
(2),jk
1 (w) = −
1
(z − w)3
[
32
3
(λ+ 1)(λ− 2) (δij Φ(1),k1
2
− δik Φ(1),j1
2
)
]
(w)
− 1
(z − w)2
[
2(2λ− 1)(δij Φ˜(1),k3
2
− δik Φ˜(1),j3
2
) + εijkl 10 Φ˜
(1),l
3
2
]
(w)
+
1
(z − w)
1
6
[(
δij
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Since we are considering the OPEs between the first and second N = 4 higher spin multi-
plets in (E.1), we have more OPEs compared to the ones in Appendix D. As before, the
corresponding (anti)commutators are presented in (G.4) later. There is no λ factor in the
structure constants in the right hand side of (E.1), contrary to the case of (D.1). Therefore,
at λ = 0, all the terms in (E.1) survive.
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F The OPE between the second N = 4 higher spin
multiplet in the N = 4 superspace with N = 5
From the results of section 4 and Appendix C, we can summarize the complete OPE with
N = 5 as follows:
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The various quasi super primary fields appearing in (F.1) are given by
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20 J
jJ4−kl∂J
+ e
1
2
,2
21 J
iJijJkl + e
1
2
,2
22 ∂(J
jJkJl) + e
1
2
,2
23 J
jJkJl∂J ),
Q
( 7
2
),i
1
2
= e
1
2
,1
1 D
4−iΦ(2) + e
1
2
,1
2 ∂D
iΦ(2) + e
1
2
,1
3 Φ
(1)D4−iΦ(1) + e
1
2
,1
4 Φ
(1)∂DiΦ(1) + · · ·
+ e
1
2
,1
20 J
4−0∂Ji + e
1
2
,1
21 J
4−iJ4−0 + e
1
2
,1
22 J
i∂JJ4−0 + e
1
2
,1
23 ∂
2J4−i + e
1
2
,1
24 ∂
3Ji + · · ·
+ e
1
2
,1
67 ε
ijkl JjJkDlΦ(2) + e
1
2
,1
68 ε
ijkl JjDkΦ(1)DlΦ(1) + e
1
2
,1
69 ε
ijkl JjJkΦ(1)DlΦ(1) + · · ·
+ e
1
2
,1
115 ε
ijkl JjJ4−ijJ4−ikJ4−lj + e
1
2
,1
116 (ε
ijkl)2 JjJkJlJ4−ijJ4−kl,
Q
(1),ij
1 = e
1,4
1 J
4−ij + e1,42 J
iJj + e1,43 J
ij + εijkl e1,44 J
kJl − (i↔ j),
Q
(2),ij
1 = e
1,3
1 J
4−jJi + e1,32 ∂J
iJj + e1,33 J
ikJjJk + e1,34 ∂J
ij + e1,35 ε
ijkl ∂(JkJl)− (i↔ j),
Q
(3),ij
1 = e
1,2
1 D
4−ijΦ(2) + e1,22 D
ijΦ(2) + e1,23 Φ
(1)D4−ijΦ(1) + e1,24 Φ
(1)DijΦ(2) + · · ·
+ e1,242 J
4−ikJ4−jlJ4−kl + e1,243 J
4−ijJ4−klJ4−kl + εijkl( e1,244 D
kΦ(1)DlΦ(1)
+ e1,245 J
kΦ(1)DlΦ(1)
+ e1,286 ∂J
iJiJkJl + e1,287 J
iJjJkJlJ4−kl ) + e1,288 ε
ijklεrρδσJrJρJ4−δσJ4−kl
+ e1,289 (ε
ijkl)2JjJkJlJ4−ij + · · ·+ e1,292 εijkl JiJjJjJkJlJ4−ij − (i↔ j),
Q
(4),ij
1 = e
1,1
1 ∂D
4−ijΦ(2) + e1,12 Φ
(1)∂D4−ijΦ(1)) + e1,13 Φ
(1)∂DijΦ(1))
+ e1,14 D
iΦ(1)D4−jΦ(1))
+ · · ·+ e1,1126 JlJ4−ikJ4−klJj + e1,1127 JlJ4−ikJjJkJl + e1,1128 JlJ4−ikJ4−jlJk + · · ·
+ e1,1153 J
lJ4−ikJ4−klJj + εijkl( e1,1154 ∂JJ
kDlΦ(2) + e1,1155 J
4−kDlΦ(2) + · · ·
+ e1,1296 ∂
2J4−ikJ4−il ) + e1,1297 ε
ijklεrρδσJ4−rρJ4−δσ∂JJkJl − (i↔ j),
Q
( 1
2
),i
3
2
= e
3
2
,5
1 J
i,
Q
( 3
2
),i
3
2
= e
3
2
,4
1 J
4−i + e
3
2
,4
2 ∂J
i + e
3
2
,4
3 J
i∂J + e
3
2
,4
4 J
jJ4−ij + εijkl ( e
3
2
,4
5 J
jJ4−kl + e
3
2
,4
6 J
jJkJl ),
Q
( 5
2
),i
3
2
= e
3
2
,3
1 D
iΦ(2) + e
3
2
,3
2 J
iΦ(2) + e
3
2
,3
3 Φ
(1)DiΦ(1) + e
3
2
,3
4 J
iΦ(1)Φ(1) + · · ·
+ e
3
2
,3
29 ε
ijkl J4−jiJkJiJl,
Q
( 7
2
),i
3
2
= e
3
2
,2
1 D
4−iΦ(2) + e
3
2
,2
2 ∂D
iΦ(2) + e
3
2
,2
3 ∂JD
iΦ(2) + · · ·+ εijkl ( e
3
2
,2
34 J
jDkΦ(1)DlΦ(1)
+ e
3
2
,2
35 J
jJkΦ(1)DlΦ(1) + e
3
2
,2
36 J
jJkJlΦ(1)Φ(1) ) + e
3
2
,2
37 ∂
2J4−i + e
3
2
,2
38 ∂
3Ji
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+ e
3
2
,2
93 J
4−ijJj∂JkJk + εijkl( e
3
2
,2
94 J
jJ4−klJ4−0 + e
3
2
,2
95 J
jJ4−kl∂2J+ · · ·
+ e
3
2
,2
141 J
4−ij∂JJiJkJl ) + · · ·+ e
3
2
,2
143 ε
ijkl JklJklJjJkJl,
Q
(1)
2 = e
2,5
1 ∂J,
Q
(2)
2 = e
2,4
1 Φ
(2) + e2,42 Φ
(1)Φ(1) + e2,43 J
4−0 + e2,44 ∂
2J+ e2,45 ∂J∂J + e
2,4
6 J
ijJij
+ e2,47 J
ijJ4−ij
+ e2,48 J
iJjJ4−ij + e2,49 J
iJjJij + e2,410 J
iJ4−i + e2,411 J
i∂Ji + e2,412 ε
ijkl JiJjJkJl,
Q
(3)
2 = e
2,3
1 ∂JΦ
(2) + e2,32 ∂JΦ
(1)Φ(1) + e2,33 J
iDiΦ(2) + e2,34 J
iΦ(1)DiΦ(1) + e2,35 ∂JJ
4−0
+ e2,36 ∂J∂
2J+ e2,37 ∂J∂J∂J + e
2,3
8 J
i∂J4−i + e2,39 ∂J
iJ4−i + e2,310 J
i∂Ji∂J + e2,311 J
i∂2Ji
+ e2,312 ∂J
i∂Ji + e2,313 J
iJ4−ijJ4−j + e2,314 J
iJjJ4−ij∂J + e2,315 J
4−ijJ4−ij∂J
+ e2,316 J
iJj∂J4−ij
+ e2,317 (∂J
iJjJ4−ij + ∂2Jij) + εijkl( e2,318 J
iJ4−jkJ4−l + e2,319 J
iJjJkJ4−l
+ e2,320 J
iJjJ4−kl∂J
+ e2,321 J
4−ijJ4−kl∂J + e2,322 J
iJj∂J4−kl + e2,323 ∂J
iJjJ4−kl + e2,324 ∂(J
iJjJkJl) ),
Q
(4)
2 = e
2,2
0 Φ
(4) + e2,21 Φ
(2)Φ(2) + e2,22 D
4−0Φ(2) + e2,23 J
4−0Φ(2) + · · ·+ e2,226 DijΦ(1)DijΦ(1)
+ e2,227 D
ijΦ(1)D4−ijΦ(1) + · · ·+ e2,2131 JijJijJklJ4−klJiJj + e2,2132 JijJklJijJkl
+ εijkl( e2,2133 J
4−0JiJjJkJl + e2,2134 J
4−0J4−ijJkJl + · · ·+ e2,2168 JiJj∂Jk∂Jl ). (F.2)
As in the component approach in Appendix C, the Q
( 9
2
),i
3
2
of super spin-9
2
and the Q
(5)
2 of super
spin-5 are presented in ancillary.nb. Similarly, the higher spin currents R
( 3
2
),i
3
2
, · · · ,R(5)2 can
be found also
R
( 7
2
),i
3
2
(Z2) ≡ −2α
5
(
1
4
∂2Q
( 3
2
),i
1
2
+
3
5
∂Q
( 5
2
),i
1
2
+Q
( 7
2
),i
1
2
)(Z2),
R
( 5
2
),i
3
2
(Z2) ≡ −4α
5
(
2
3
∂Q
( 3
2
),i
1
2
+Q
( 5
2
),i
1
2
)(Z2),
R
( 3
2
),i
3
2
(Z2) ≡ −6α
5
Q
( 3
2
),i
1
2
(Z2),
R
(4−n)
2 (Z2) ≡ −p2E(4−n)2 (Z2)− p1 n(n + 1)Q(4−n)0 (Z2), n = −1, 0, 1, 2. (F.3)
We also have the following quantities corresponding to (C.3)
E
(2)
2 (Z2) ≡ ( 4Q(2)0 +
e
0,4
0
2
J4−0 )(Z2), E
(3)
2 (Z2) ≡ (
5
2
∂Q
(2)
0 +
e
0,4
0
2
∂ J4−0 )(Z2),
E
(4)
2 (Z2) ≡ (
1
2
∂2Q
(2)
0 +
1
2
J4−0Q
(2)
0 +
e
0,4
0
4
∂2J4−0 + 2Φ(2)Φ(2) )(Z2), (F.4)
E
(5)
2 (Z2) ≡ (−
1
24
∂3Q
(2)
0 +
1
4
J4−0∂Q
(2)
0 +
1
2
∂J4−0Q
(2)
0 +
e
0,4
0
12
∂3J4−0 +
3
2
∂(Φ(2)Φ(2)) )(Z2).
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As emphasized before, all the coefficients appearing in (F.2)((F.3) and (F.4)) depend on k
with fixed N = 5. It is an open problem to obtain them for generic (N, k).
G The (anti)commutators from the coset construction
of sections 2, 3, and 4
In order to extract the N = 4 higher spin algebra from the WN=4∞ [λ] algebra in two dimen-
sional conformal field theory, we should express the corresponding OPEs obtained in previous
sections 2, 3 and 4 in terms of (anti)commutators by using the explicit formula in [72, 73] 44.
By starting with the (anti)commutators of 16 currents and those between the 16 currents and
16 higher spin currents, we will present the (anti)commutators corresponding to Appendices
A and B.
G.1 The (anti)commutators between the 16 currents
From the standard OPEs of the large N = 4 superconformal algebra [9], we can write down
them in terms of (anti)commutators under the large (N, k) ’t Hooft limit 45[
Lm, Ln
]
= −m(m2 − 1) N(1− λ)
2
δm+n + (m− n)Lm+n ,[
Lm, G
i
r
]
= (
m
2
− r)Gim+r ,[
Lm, T
ij
n
]
= −n Tijm+n ,{
Gir, G
j
ρ
}
= −δij
(
(4r2 − 1)N(1− λ)
2
δr+ρ − 2Lr+ρ
)
− i (r − ρ)
(
T
ij
r+ρ − (2λ− 1) T˜ ijr+ρ
)
,[
Gir, T
jk
m
]
= δij
(
i Gkr+m + m(2λ− 1) Γkr+m
)
− δik
(
i G
j
r+m + m(2λ− 1) Γjr+m
)
+ εijkl m Γlr+m ,[
T ijm , T
kl
n
]
= m δm+n
(
(δikδjl − δilδjk) N
2λ
+ εijkl N(1− 1
2λ
)
)
− i δik T jl + i δil T jk + i δjk T il − i δjl T ik . (G.1)
We obtain theN = 4 wedge algebra, (7.4) and (7.7), by removing the parts having a typewriter
font as in section 7.1.
G.2 The (anti)commutators between the 16 currents and the s-th
N = 4 higher spin multiplet
From the standardN = 4 primary condition for theN = 4 higher spin multiplet in component
approach [9], we can write down them in terms of (anti)commutators under the large (N, k)
44All the nonlinear terms appearing in this Appendix disappear under the infinity limit of N as before.
45The expressions with typewriter font will disappear after taking the wedge condition.
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’t Hooft limit as follows:[
Lm,Φ
(s)
sc,n
]
= ((s+ sc − 1)m− n) Φ(s)sc,m+n , sc = 0,
1
2
, 1 ,[
Lm, Φ˜
(s)
sc,n
]
= ((s+ sc − 1)m− n) Φ˜(s)sc,m+n , sc =
3
2
, 2 ,[
Gir,Φ
(s)
0,m
]
= −Φ(s),i1
2
,r+m
,{
Gir,Φ
(s),j
1
2
,ρ
}
= −δij ((2s− 1)r − ρ) Φ(s)0,r+ρ + Φ˜(s),ij1,r+ρ ,[
Gir,Φ
(s),jk
1,m
]
=
(
− δij
(
Φ˜
(s),k
3
2
,r+m
− 1
(2s+ 1)
(2s r −m)(2λ− 1) Φ(s),k1
2
,r+m
)
− (j ↔ k)
)
+ εijkl (2s r −m) Φ(s),l1
2
,r+m
,{
Gir, Φ˜
(s),j
3
2
,ρ
}
= −δij
(
Φ˜
(s)
2,r+ρ +
(s2 + s)
(2s+ 1)
(4m2 − 1)(2λ− 1) Φ(s)0,r+ρ
)
− ((2s+ 1)r − ρ)
(
Φ
(s),ij
1,r+ρ −
1
(2s+ 1)
(2λ− 1) Φ˜(s),ij1,r+ρ
)
,
[
Gir, Φ˜
(s)
2,m
]
= −(2(s+ 1)r −m) Φ˜(s),i3
2
,r+m
+
(s2 + s)
(2s + 1)
(4r2 − 1)(2λ− 1) Φ(s),i1
2
,r+m
,[
T ijm ,Φ
(s),k
1
2
,r
]
= −i δik Φ(s),j1
2
,m+r
+ i δjk Φ
(s),i
1
2
,m+r
,[
T ijm ,Φ
(s),kl
1,n
]
= −i δik Φ(s),jl1,m+n + i δil Φ(s),jk1,m+n + i δjk Φ(s),il1,m+n − i δjlΦ(s),ik1,m+n + εijkl 2s i m Φ(s)0,m+n ,[
T ijm , Φ˜
(s),k
3
2
,r
]
=
(
− i δik
(
Φ˜
(s),j
3
2
,m+r
+
1
(2s + 1)
m (2λ− 1) ~Φ(s),j3
2
,m+r
)
− (i↔ j)
)
− εijkl (2s+ 1)i Φ(s),l1
2
,m+r
,[
T ijm , Φ˜
(s)
2,n
]
= 2(s + 1)i m Φ
(s),ij
1,m+n . (G.2)
The λ dependence appears as (2λ − 1). We observe that there are terms having typewriter
font in the right hand side and they will vanish under the wedge restriction. In particular,
we have only vanishing commutator for the higher spin-1 current as follows:
[
Lm,Φ
(1)
0,n
]
= −n Φ(1)0, m+n .
For the other higher spin currents, in general, we have the first and second relations of (G.2).
The crucial point in (G.2) is that we can determine all the remaining 15 higher spin currents
starting with the commutator between the spin-3
2
current Gi and the lowest higher spin current
Φ
(s)
0 .
69
G.3 The (anti)commutators between the first N = 4 higher spin
multiplet
The OPEs appearing in Appendix D can be written in terms of (anti)commutators by using
the works of [72, 73] as follows:[
Φ
(1)
0,m,Φ
(1)
0,n
]
= −2 m N(λ− 1) δm+n,[
Φ
(1)
0,m,Φ
(1),i
1
2
,r
]
= Gim+r,[
Φ
(1)
0,m,Φ
(1),ij
1,n
]
= 2i m
(
(1− 2λ) Tijm+n + T˜ijm+n
)
,[
Φ
(1)
0,m, Φ˜
(1),i
3
2
,r
]
= −1
2
Φ
(2),i
1
2
,m+r
− 8
3
m(2λ− 1) Gim+r + 4i m(3m + 2r)λ(λ− 1) Γim+r,[
Φ
(1)
0,m, Φ˜
(1)
2,n
]
= 2 m Φ
(2)
0,m+n + 8m(2m + n)λ(λ− 1) Um+n,{
Φ
(1),i
1
2
,r
,Φ
(1),j
1
2
,s
}
= 2(r2 − 1
4
) N(λ− 1) δij δr+s − 2δij Lr+s + i(r − s)
(
T
ij
r+s − (2λ− 1)T˜ ijr+s
)
,
[
Φ
(1),i
1
2
,r
,Φ
(1),jk
1,m
]
=
(
δij
(
1
2
Φ
(2),k
1
2
,r+m
+
1
3
(2r −m)(2λ− 1)Gkr+m − i(4r2 − 1)λ(λ− 1) Γkr+m
)
− (j ↔ k)
)
+ εijkl(2r −m)Glr+m,{
Φ
(1),i
1
2
,r
, Φ˜
(1),j
3
2
,s
}
= δij
(
1
2
(−3r + s) Φ(2)0,r+s − (4r2 − 1)λ(λ− 1) Ur+s
)
+
1
2
Φ˜
(2),ij
1,r+s +
i
3
(4r2 − 1)
(
2(2λ− 1) Tijr+s + (λ+ 1)(λ− 2) T˜ijr+s
)
,[
Φ
(1),i
1
2
,r
, Φ˜
(1)
2,m
]
= (2r − m
2
) Φ
(2),i
1
2
,r+m
+ (4r2 − 1)
( 2
3
(2λ− 1) Gir+m − i(4r + 3m)λ(λ− 1) Γir+m
)
,[
Φ
(1),ij
1,m ,Φ
(1),kl
1,n
]
= 2m(m2 − 1) N(λ− 1) δm+n
(
(δikδjl − δilδjk)− εijkl 1
3
(2λ− 1)
)
− (δikδjl − δilδjk)4(m− n)Lm+n
+ εijkl(m− n)
(
Φ
(2)
0,m+n −
4
3
(2λ− 1)Lm+n
)
+
1
2
(
− δik Φ(2),jl1,m+n + δilΦ(2),jk1,m+n + δjk Φ(2),il1,m+n − δjlΦ(2),ik1,m+n
)
+
(
− δik 2i
3
(m2 −mn+ n2 − 1)
(
(2λ− 1)T˜ jlm+n + (2λ2 − 2λ− 1)T jlm+n
)
− (k ↔ l)− (i↔ j) + (i↔ j, k ↔ l)
)
,
[
Φ
(1),ij
1,m , Φ˜
(1),k
3
2
,r
]
=
(
− δik
(
1
2
Φ˜
(2),j
3
2
,m+r
+
1
30
(3m− 2r)(2λ− 1) Φ(2),j1
2
,m+r
+
1
9
(12m2 − 8mr + 4r2 − 9)(λ+ 1)(λ− 2)Gjm+r
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− 4i
3
m(m2 − 1)λ(λ− 1)(2λ− 1)Γjm+r
)
− (i↔ j)
)
− εijkl
(
(
3
2
m− r) Φ(2),l1
2
,m+r
− 4i m(m2 − 1)λ(λ− 1)Γlm+r
)
,[
Φ˜
(1),ij
1,m , Φ˜
(1)
2,n
]
= (2m− n) Φ(2),ij1,m+n +
8i
3
m(m2 − 1)
(
(2λ2 − 2λ− 1)Tijm+n + (2λ− 1)T˜ijm+n
)
,{
Φ˜
(1),i
3
2
,r
, Φ˜
(1),j
3
2
,s
}
=
8
9
(r2 − 1
4
)(r2 − 9
4
) N (λ+ 1)(λ− 1)(λ− 2) δij δr+s
+ δij
(
1
2
Φ˜
(2)
2,r+s + (6r
2 − 8rs+ 6s2 − 9)
( 1
15
(2λ− 1) Φ(2)0,r+s
− 4
9
(λ+ 1)(λ− 2)Lr+s
))
+ (r − s)
( 3
2
Φ
(2),ij
1,r+s −
1
6
(2λ− 1)Φ˜(2),ij1,r+s
)
+ (r − s)(2r2 + 2s2 − 5)(λ+ 1)(λ− 2)2i
9
(
T
ij
r+s − (2λ− 1)T˜ ijr+s
)
,[
Φ˜
(1),i
3
2
,r
, Φ˜
(1)
2,m
]
=
(4r − 3m)
2
Φ˜
(2),i
3
2
,r+m
− 1
15
(4r2 − 4rm+ 2m2 − 5)(2λ− 1) Φ(2),i1
2
,r+m
+
1
9
(16r3 − 12r2m− 36r + 19m+ 8rm2 − 4m3)(λ+ 1)(λ− 2)Gir+m,[
Φ˜
(1)
2,m, Φ˜
(1)
2,n
]
=
8
9
m(m2 − 4)(m2 − 1) N (λ+ 1)(λ− 1)(λ− 2) δm+n + 2(m− n) Φ˜(2)2,m+n
+ (m− n)(2m2 −mn+ 2n2 − 8)
×
( 2
15
(2λ− 1) Φ(2)0,m+n −
16
9
(λ+ 1)(λ− 2)Lm+n
)
. (G.3)
We observe the antisymmetric property of the SO(4) indices. The central terms vanish
under the wedge condition. Although the λ (or (1 − λ)) factor appears in the structure
constants, those terms have typewriter font and they vanish by taking the wedge condition.
The quadratic λ terms appear under the wedge condition in the right hand side.
G.4 The (anti)commutators between the first and the second N =
4 higher spin multiplets
The OPEs appearing in Appendix E can be written in terms of (anti)commutators as follows:[
Φ
(1)
0,m,Φ
(2)
0,n
]
= 0,[
Φ
(1)
0,m,Φ
(2),i
1
2
,r
]
= −2 Φ˜(1),i3
2
,m+r
,[
Φ
(1)
0,m,Φ
(2),ij
1,n
]
= 8m
( 1
3
(2λ− 1) Φ(1),ij1,m+n − Φ˜(1),ij1,m+n
)
,[
Φ
(1)
0,m, Φ˜
(2),i
3
2
,r
]
= −1
6
Φ
(3),i
1
2
,m+r
+
64
15
m(2λ− 1) ~Φ(1),i3
2
,m+r
+
16
9
m(5m + 2n)(λ+ 1)(λ− 2) Φ(1),i1
2
,m+r
,
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[
Φ
(1)
0,m, Φ˜
(2)
2,n
]
= m Φ
(3)
0,m+n +
64
15
m(2λ− 1) ~Φ(1)2,m+n
− 32
9
m(5m2 + 5mn + n2 + 1)(λ+ 1)(λ− 2) Φ(1)0,m+n,[
Φ
(1),i
1
2
,r
,Φ
(2)
0,m
]
= 2 Φ˜
(1),i
3
2
,r+m
,{
Φ
(1),i
1
2
,r
,Φ
(2),j
1
2
,s
}
= −2 δij Φ˜(1)2,r+s − 2(3r − s)
(
Φ
(1),ij
1,r+s −
1
3
(2λ− 1) Φ˜(1),ij1,r+s
)
,
[
Φ
(1),i
1
2
,r
,Φ
(2),jk
1,m
]
=
(
δij
(
1
6
Φ
(3),k
1
2
,r+m
− 2
5
(4r −m)(2λ− 1) Φ˜(1),k3
2
,r+m
− 4
3
(4r2 − 1)(λ+ 1)(λ− 2) Φ(1),k1
2
,r+m
)
− (j ↔ k)
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There is no second N = 4 higher spin multiplet in the right hand side of (G.4). Then, from
the (anti)commutators having the components of first N = 4 higher spin multiplet in the
right hand side, we can obtain the information of the components of second N = 4 higher
spin multiplet in the left hand side. For example, see the second relation of (G.4). The cubic
λ terms appear under the wedge condition in the right hand side.
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H The second N = 4 higher spin multiplet in terms
free fields at λ = 0
In section 6.2, we observed the first N = 4 higher spin multiplet in terms of the free fields.
For the second N = 4 higher spin multiplet, we present them as follows:
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The structure of these higher spin currents (H.1) looks like the one for the first N = 4 higher
spin multiplet in section 6.2. There are only sign changes in front of the fields for the SO(4)
singlets. For the SO(4) nonsinglet case, the only overall factors differ. Once one of the
components of the second N = 4 higher spin multiplet is found by using some of the relations
in (G.4), then the remaining 15 higher spin currents can be fixed with the help of spin-3
2
currents as described before.
I The first N = 4 higher spin multiplet in terms free
fields at λ = 1
For the λ = 1, we can analyze the description in section 6.1, 6.2, and 6.3 similarly. For some
of the 16 currents, we have the following expressions
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We observe that there are some extra minus signs in the coefficients of (I.1), compared to the
λ = 0 case in subsection 6.1.
For the first N = 4 higher spin multiplet, we obtain
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The expression in (I.2) looks similar to the ones in the subsection 6.2. For the next N = 4
higher spin multiplet, we can obtain similar results. We do not present them in this paper.
J The remaining (anti)commutators with free fields of
section 6.4
We present the remaining (anti)commutators described in section 6.4 as follows:
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×
((
o
(s1+
1
2
)(s2+
3
2
)
F,2h − o(s1+
1
2
)(s2+
3
2
)
B,2h
)
Φ
(h1+h2−2h),ij
1
+
(
o
(s1+
1
2
)(s2+
3
2
)
F,2h + o
(s1+
1
2
)(s2+
3
2
)
B,2h
)
Φ˜
(h1+h2−2h),ij
1
)
,
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[
Φ
(h1),i
1
2
, Φ˜
(h2)
2
]
=
1
2
(h1+h2−2)∑
h=−1
(2h1 − 1)(2h2 − 1)
4(h1 + h2 − 2h)−10
×
(
q
(h2+2)(h1+
1
2
)
F,2h+1 + q
(h2+2)(h1+
1
2
)
B,2h+1
)
Φ˜
(h1+h2−2h−2),i
3
2
−
1
2
(h1+h2−1)∑
h=−1
(2h1 − 1)(2h2 − 1)
4(h1 + h2 − 2h)− 2
×
(
q
(h2+2)(h1+
1
2
)
F,2h + q
(h2+2)(h1+
1
2
)
B,2h
)
Φ
(h1+h2−2h),i
1
2
,
[
Φ
(s1),ij
1 ,Φ
(s2),kl
1
]
= (δikδjl − δilδjk)
1
2
(h1+h2−1)∑
r=0
(2h1 − 1)(2h2 − 1)
8(h1 + h2 − 2h)− 4
×
((
p
(h1+1)(h2+1)
F,2h − p(h1+1)(h2+1)B,2h
)
Φ
(h1+h2−2h)
0
− 2
2(h1 + h2 − 2h)− 5
(
(h1 + h2 − 2h− 1) p(h1+1)(h2+1)F,2h
+ (h1 + h2 − 2h) p(h1+1)(h2+1)B,2h
)
Φ˜
(h1+h2−2h−2)
2
)
+ εijkl
1
2
(h1+h2−1)∑
r=0
(2h1 − 1)(2h2 − 1)
8(h1 + h2 − 2h)− 4
×
((
p
(h1+1)(h2+1)
F,2h + p
(h1+1)(h2+1)
B,2h
)
Φ
(h1+h2−2h)
0
− 2
2(h1 + h2 − 2h)− 5
(
(h1 + h2 − 2h− 1) p(h1+1)(h2+1)F,2h
− (h1 + h2 − 2h) p(h1+1)(h2+1)B,2h
)
Φ˜
(h1+h2−2h−2)
2
)
+
[
− δik
1
2
(h1+h2−2)∑
r=−1
(2h1 − 1)(2h2 − 1)
8(h1 + h2 − 2h)− 20
×
((
p
(h1+1)(h2+1)
F,2h+1 + p
(h1+1)(h2+1)
B,2h+1
)
Φ
(h1+h2−2h−2),jl
1
+
(
p
(h1+1)(h2+1)
F,2h+1 − p(h1+1)(h2+1)B,2h+1
)
Φ˜
(h1+h2−2h−2),jl
1
)
− (k ↔ l)− (i↔ j) + (i↔ j, k ↔ l)
]
− δh1h2
(
(δikδjl − δjkδil)N 2
2h1−5h1!(h1 − 1)!
(2h1 − 3)!!2
− εijklN 2
2h1−5h1!(h1 − 1)!(2h1 − 1)
(2h1 + 1)!!(2h1 − 3)!!
)
h1∏
j=−h1
(m+ j) ,
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[
Φ
(h1),ij
1 , Φ˜
(h2),k
3
2
]
=
[
δik
1
2
(2h1 − 1)(2h2 − 1)
×
( 1
2
(h1+h2−2)∑
h=−1
1
2(h1 + h2 − 2h)− 5
(
q
(h1+1)(s2+
3
2
)
F,2h+1 − q(h1+1)(s2+
3
2
)
B,2h+1
)
× Φ˜(h1+h2−2h−2),j3
2
+
1
2
(h1+h2−1)∑
h=−1
1
2(h1 + h2 − 2h)− 1
×
(
q
(h1+1)(h2+
3
2
)
F,2h − q(h1+1)(h2+
3
2
)
B,2h
)
Φ
(h1+h2−2h),j
1
2
)
− (i↔ j)
]
+ εijkl
1
2
(2h1 − 1)(2h2 − 1)
( 1
2
(h1+h2−2)∑
h=−1
1
2(h1 + h2 − 2h)− 5
×
(
q
(h1+1)(s2+
3
2
)
F,2h+1 + q
(h1+1)(s2+
3
2
)
B,2h+1
)
Φ˜
(h1+h2−2h−2),l
3
2
+
1
2
(h1+h2−1)∑
h=−1
1
2(h1 + h2 − 2h)− 1
(
q
(h1+1)(h2+
3
2
)
F,2h + q
(h1+1)(h2+
3
2
)
B,2h
)
× Φ(h1+h2−2h),l1
2
)
,
[
Φ
(h1),ij
1 , Φ˜
(h2)
2
]
= −
1
2
(h1+h2)∑
h=0
(2h1 − 1)(2h2 − 1)
8(h1 + h2 − 2h)− 4
×
((
p
(h2+2)(h2+1)
F,2h + p
(h2+2)(h2+1)
B,2h
)
Φ
(h1+h2−2h),ij
1
+
(
p
(h2+2)(h2+1)
F,2h − p(h2+2)(h2+1)B,2h
)
Φ˜
(h1+h2−2h),ij
1
)
,
{
Φ˜
(h1),i
3
2
, Φ˜
(h2),j
3
2
}
= −δij
1
2
(h1+h2+1)∑
h=0
(2h1 − 1)(2h2 − 1)
32(h1 + h2 − 2h)+48
×
((
o
(h1+
3
2
)(h2+
3
2
)
F,2h −o(h1+
3
2
)(h2+
3
2
)
B,2h
)
Φ
(h1+h2−2h+2)
0
− 2
2(h1 + h2 + 2h)− 1
(
(h1 + h2 − 2h+ 1) o(h1+
3
2
)(h2+
3
2
)
F,2h
+ (h1 + h2 − 2h+ 2) o(h1+
3
2
)(h2+
3
2
)
B,2h
)
Φ˜
(h1+h2−2h)
2
)
−
1
2
(h1+h2)∑
h=0
(2h1 − 1)(2h2 − 1)
32(h1 + h2 − 2h)− 16
×
((
o
(h1+
3
2
)(h2+
3
2
)
F,2h+1 − o(h1+
3
2
)(h2+
3
2
)
B,2h+1
)
Φ
(h1+h2−2h),ij
1
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+
(
o
(h1+
3
2
)(h2+
3
2
)
F,2h+1 + o
(h1+
3
2
)(h2+
3
2
)
B,2h+1
)
Φ˜
(h1+h2−2h),ij
1
)
+ δh1h2 δij
N 22h1−3h1!(h1 + 1)!(2h1 − 1)2
(2h1 + 1)!!(2h1 + 1)!!
h1∏
j=−h1−1
(r + j +
1
2
) ,
[
Φ˜
(h1),i
3
2
, Φ˜
(h2)
2
]
= −
1
2
(h1+h2)∑
h=−1
(2h1 − 1)(2h2 − 1)
4(h1 + h2 − 2h)− 2
×
((
q
(h2+2)(h1+
3
2
)
F,2h + q
(h2+2)(h1+
3
2
)
B,2h
)
Φ˜
(h1+h2−2h),i
3
2
−
(
q
(h2+2)(h1+
3
2
)
F,2h+1 + q
(h2+2)(h1+
3
2
)
B,2h+1
)
Φ
(h1+h2−2h),i
1
2
)
,
[
Φ˜
(h1)
2 , Φ˜
(h2)
2
]
= −
1
2
(h1+h2+1)∑
h=0
(2h1 − 1)(2h2 − 1)
8(h1 + h2 − 2h) + 12
×
((
p
(h1+2)(h2+2)
F,2h − p(h1+2)(h2+2)B,2h
)
Φ
(h1+h2−2h+2)
0
− 2
2(h1 + h2 − 2h)− 1
(
(h1 + h2 − 2h+ 1) p(h1+2)(h2+2)F,2h
+ (h1 + h2 − 2h+ 2) p(h1+2)(h2+2)B,2h
)
Φ˜
(h1+h2−2h)
2
)
+ δh1h2
N 22h1−3h!(h1 + 1)!(2h1 − 1)2
(2h1 + 1)!!(2h1 + 1)!!
h1+1∏
j=−h1−1
(m+ j) . (J.1)
Note that in the second, fourth, seventh and ninth of (J.1), the order of two modes appearing
in qF , qB, pF , pB in the right hand side is reversed, compared to the ones in the left hand side.
For example, the indices of (r,m) appearing in the left hand side of the second of (J.1) occur
in the form of qF (m, r) and qB(m, r) in the right hand side. We can obtain
[
Φ
(h1),i
1
2
,Φ
(h2)
0
]
from the second expression of (6.21) by substituting h1 ↔ h2 with minus sign. Furthermore,
the other nine (anti)commutators we do not present explicitly can be red off from the known
ones similarly. As usual, the mode parameter appearing in the central terms refers to the one
of the first higher spin current of the left hand side 46.
46 In the first, third and eigth anticommutators, the SO(4) singlets with subscript 0 and 2 and SO(4)
adjoints appear in the right hand side of (J.1). The second and sixth commutators contain the SO(4) vectors
with subscript 12 and
3
2 . In the fourth and ninth commutators, the SO(4) vectors with subscript
1
2 and
3
2
appear. The fifth commutator contains the SO(4) singlets with subscript 0 and 2 and SO(4) adjoints. In
the seventh commutator, the SO(4) adjoints with subscript 1 appear. Finally, the last commutator contains
the SO(4) singlets with subscript 0 and 2. The coefficients of the higher spin currents having negative spins
in (J.1) are vanishing. As in the footnote 32, we have φh1+1,h2+1h1+h2−1 (0, 0) = 0 = φ
h1+2,h2+2
h1+h2+1
(0, 0). Moreover,
φ
h1+
1
2 ,h2+
1
2
h1+h2−1
(12 ,− 14 ) is written as 3F2
[
− 12 ,− (h1+h2)2 ,− (h1+h2−1)2−h1 + 12 ,−h2 + 12
; 1
]
which contains 1√
Γ(−h1+1) Γ(−h2+1)
and
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For convenience, we present the quasi primary fields in (6.1) in terms of the components
of N = 4 higher spin multiplets
W 11F,h = q
h−2
( 1
2(1− 2h) Φ
(h)
0 +
(h− 1)
(2h− 5)(2h− 1) Φ˜
(h−2)
2
)
+ qh−2
1
2(2h− 3)
(
iΦ
(h−1),12
1
− iΦ(h−1),131 − Φ(h−1),141 − Φ(h−1),231 + iΦ(h−1),241 + iΦ(h−1),341
)
,
W 12F,h = q
h−2 1√
2(2h− 3)
(
Φ
(h−1),13
1 − iΦ(h−1),141 − iΦ(h−1),231 − Φ(h−1),241
)
,
W 21F,h = −qh−2
1√
2(2h− 3)
(
Φ
(h−1),12
1 + iΦ
(h−1),14
1 + iΦ
(h−1),23
1 + Φ
(h−1),34
1
)
,
W 22F,h = q
h−2
( 1
2(1− 2h) Φ
(h)
0 +
(h− 1)
(2h− 5)(2h− 1) Φ˜
(h−2)
2
)
− qh−2 1
2(2h− 3)
(
iΦ
(h−1),12
1
− iΦ(h−1),131 − Φ(h−1),141 − Φ(h−1),231 + iΦ(h−1),241 + iΦ(h−1),341
)
,
W 11B,h = −qh−2
( 1
2(1− 2h) Φ
(h)
0 −
h
(2h− 5)(2h− 1) Φ˜
(h−2)
2
)
+ qh−2
1
2(2h− 3)
(
iΦ
(h−1),12
1
− iΦ(h−1),131 + Φ(h−1),141 − Φ(h−1),231 − iΦ(h−1),241 − iΦ(h−1),341
)
,
W 12B,h = q
h−2
√
2
(2h− 3)
(
Φ
(h−1),13
1 + iΦ
(h−1),14
1 − iΦ(h−1),231 + Φ(h−1),241
)
,
W 21B,h = −qh−2
1
2
√
2(2h− 3)
(
Φ
(h−1),12
1 − iΦ(h−1),141 + iΦ(h−1),231 − Φ(h−1),341
)
,
W 22B,h = −qh−2
( 1
2(1− 2h) Φ
(h)
0 −
h
(2h− 5)(2h− 1) Φ˜
(h−2)
2
)
− qh−2 1
2(2h− 3)
(
iΦ
(h−1),12
1
− iΦ(h−1),131 + Φ(h−1),141 − Φ(h−1),231 − iΦ(h−1),241 − iΦ(h−1),341
)
,
Q11h+ 1
2
= qh−1
2
(2h− 1)
(
Φ
(h),1
1
2
− iΦ(h),21
2
− iΦ(h),31
2
+ Φ
(h),4
1
2
)
− qh−1 2
(2h− 3)
(
Φ˜
(h−1),1
3
2
− i Φ˜(h−1),23
2
− i Φ˜(h−1),33
2
+ Φ˜
(h−1),4
3
2
)
,
Q12h+ 1
2
= qh−1
2
√
2
(2h− 1)
(
iΦ
(h),1
1
2
+ Φ
(h),2
1
2
)
− qh−1 2
√
2
(2h− 3)
(
i Φ˜
(h−1),1
3
2
+ Φ˜
(h−1),2
3
2
)
,
Q21h+ 1
2
= qh−1
√
2
(2h− 1)
(
iΦ
(h),1
1
2
+ Φ
(h),3
1
2
)
− qh−1
√
2
(2h− 3)
(
i Φ˜
(h−1),1
3
2
+ Φ˜
(h−1),3
3
2
)
,
Q22h+ 1
2
= −qh−1 1
(2h− 1)
(
Φ
(h),1
1
2
− iΦ(h),21
2
− iΦ(h),31
2
− Φ(h),41
2
)
+ qh−1
1
(2h− 3)
(
Φ˜
(h−1),1
3
2
− i Φ˜(h−1),23
2
− i Φ˜(h−1),33
2
− Φ˜(h−1),43
2
)
,
Q¯11h+ 1
2
= qh−1
1
(2h− 1)
(
Φ
(h),1
1
2
− iΦ(h),21
2
− iΦ(h),31
2
− Φ(h),41
2
)
is zero. There are also vanishing φ
h1+
1
2 ,h2+
3
2
h1+h2
(12 ,− 14 ) and φ
h1+
3
2 ,h2+
3
2
h1+h2+1
(12 ,− 14 ).
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+ qh−1
1
(2h− 3)
(
Φ˜
(h−1),1
3
2
− i Φ˜(h−1),23
2
− i Φ˜(h−1),33
2
− Φ˜(h−1),43
2
)
,
Q¯12h+ 1
2
= qh−1
√
2
(2h− 1)
(
iΦ
(h),1
1
2
+ Φ
(h),3
1
2
)
+ qh−1
√
2
(2h− 3)
(
i Φ˜
(h−1),1
3
2
+ Φ˜
(h−1),3
3
2
)
,
Q¯21h+ 1
2
= qh−1
2
√
2
(2h− 1)
(
iΦ
(h),1
1
2
+ Φ
(h),2
1
2
)
+ qh−1
2
√
2
(2h− 3)
(
i Φ˜
(h−1),1
3
2
+ Φ˜
(h−1),2
3
2
)
,
Q¯22h+ 1
2
= −qh−1 2
(2h− 1)
(
Φ
(h),1
1
2
− iΦ(h),21
2
− iΦ(h),31
2
+ Φ
(h),4
1
2
)
− qh−1 2
(2h− 3)
(
Φ˜
(h−1),1
3
2
− i Φ˜(h−1),23
2
− i Φ˜(h−1),33
2
+ Φ˜
(h−1),4
3
2
)
.
Note that the mixture of h-th, (h− 1)-th and (h− 2)-th of the N = 4 higher spin multiplets
occurs.
K The second N = 4 higher spin generators in terms
of oscillators
We continue to calculate the second N = 4 higher spin multiplet in terms of oscillators by
using the method in section 7 and we summarize them as follows:
Φ
(2)
0,−1 = yˆ2yˆ2 (3k + ν)⊗
(
1 0
0 1
)
, Φ
(2)
0,0 =
1
2
(
yˆ1yˆ2 + yˆ2yˆ1
)
(3k + ν)⊗
(
1 0
0 1
)
,
Φ
(2)
0,+1 = yˆ1yˆ1 (3k + ν)⊗
(
1 0
0 1
)
, Φ
(2),1
1
2
,− 3
2
= 3 ei
pi
4 yˆ2yˆ2yˆ2 ⊗
(
1 0
0 −1
)
,
Φ
(2),1
1
2
,− 1
2
= ei
pi
4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
⊗
(
1 0
0 −1
)
,
Φ
(2),1
1
2
,+ 1
2
= ei
pi
4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
⊗
(
1 0
0 −1
)
,
Φ
(2),1
1
2
,+ 3
2
= 3 ei
pi
4 yˆ2yˆ2yˆ2 ⊗
(
1 0
0 −1
)
, Φ
(2),2
1
2
,− 3
2
= −3i eipi4 yˆ2yˆ2yˆ2 k ⊗
(
1 0
0 1
)
,
Φ
(2),2
1
2
,− 1
2
= −i eipi4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
k ⊗
(
1 0
0 1
)
,
Φ
(2),2
1
2
,+ 1
2
= −i eipi4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
k ⊗
(
1 0
0 1
)
,
Φ
(2),2
1
2
,+ 3
2
= −3i eipi4 yˆ2yˆ2yˆ2 k ⊗
(
1 0
0 1
)
, Φ
(2),3
1
2
,− 3
2
= −3i eipi4 yˆ2yˆ2yˆ2 ⊗
(
0 1
−1 0
)
,
Φ
(2),3
1
2
,− 1
2
= −i eipi4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
⊗
(
0 1
−1 0
)
,
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Φ
(2),3
1
2
,+ 1
2
= −i eipi4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
⊗
(
0 1
−1 0
)
,
Φ
(2),3
1
2
,+ 3
2
= −3i eipi4 yˆ2yˆ2yˆ2 ⊗
(
0 1
−1 0
)
, Φ
(2),4
1
2
,− 3
2
= −3 eipi4 yˆ2yˆ2yˆ2 ⊗
(
0 1
1 0
)
,
Φ
(2),4
1
2
,− 1
2
= −eipi4
(
yˆ1yˆ2yˆ2 + yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ1
)
⊗
(
0 1
1 0
)
,
Φ
(2),4
1
2
,+ 1
2
= −eipi4
(
yˆ2yˆ1yˆ1 + yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ2
)
⊗
(
0 1
1 0
)
,
Φ
(2),4
1
2
,+ 3
2
= −3 eipi4 yˆ2yˆ2yˆ2 ⊗
(
0 1
1 0
)
, Φ
(2),12
1,−2 = −3 yˆ2yˆ2yˆ2yˆ2 k ⊗
(
1 0
0 −1
)
,
Φ
(2),12
1,−1 = −
3
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
k ⊗
(
1 0
0 −1
)
,
Φ
(2),12
1,0 = −
1
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
k
⊗
(
1 0
0 −1
)
,
Φ
(2),12
1,+1 = −
3
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
k ⊗
(
1 0
0 −1
)
,
Φ
(2),12
1,+2 = −3 yˆ1yˆ1yˆ1yˆ1 k ⊗
(
1 0
0 −1
)
, Φ
(2),13
1,−2 = −3 yˆ2yˆ2yˆ2yˆ2 ⊗
(
0 1
1 0
)
,
Φ
(2),13
1,−1 = −
3
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
⊗
(
0 1
1 0
)
,
Φ
(2),13
1,0 = −
1
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
⊗
(
0 1
1 0
)
,
Φ
(2),13
1,+1 = −
3
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
⊗
(
0 1
1 0
)
,
Φ
(2),13
1,+2 = −3 yˆ1yˆ1yˆ1yˆ1 ⊗
(
0 1
1 0
)
, Φ
(2),14
1,−2 = 3i yˆ2yˆ2yˆ2yˆ2 ⊗
(
0 1
−1 0
)
,
Φ
(2),14
1,−1 =
3i
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
⊗
(
0 1
−1 0
)
,
Φ
(2),14
1,0 =
i
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
⊗
(
0 1
−1 0
)
,
Φ
(2),14
1,+1 =
3i
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
⊗
(
0 1
−1 0
)
,
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Φ
(2),14
1,+2 = 3i yˆ1yˆ1yˆ1yˆ1 ⊗
(
0 1
−1 0
)
, Φ
(2),23
1,−2 = −3i yˆ2yˆ2yˆ2yˆ2 k ⊗
(
0 1
−1 0
)
,
Φ
(2),23
1,−1 = −
3i
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
k ⊗
(
0 1
−1 0
)
,
Φ
(2),23
1,0 = −
i
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
k
⊗
(
0 1
−1 0
)
,
Φ
(2),23
1,+1 = −
3i
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
k ⊗
(
0 1
−1 0
)
,
Φ
(2),23
1,+2 = −3i yˆ1yˆ1yˆ1yˆ1 k ⊗
(
0 1
−1 0
)
, Φ
(2),24
1,−2 = −3 yˆ2yˆ2yˆ2yˆ2 k ⊗
(
0 1
1 0
)
,
Φ
(2),24
1,−1 = −
3
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
k ⊗
(
0 1
1 0
)
,
Φ
(2),24
1,0 = −
1
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
k
⊗
(
0 1
1 0
)
,
Φ
(2),24
1,+1 = −
3
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
k ⊗
(
0 1
1 0
)
,
Φ
(2),24
1,+2 = −3 yˆ1yˆ1yˆ1yˆ1 k ⊗
(
0 1
1 0
)
, Φ
(2),34
1,−2 = 3 yˆ2yˆ2yˆ2yˆ2 ⊗
(
1 0
0 −1
)
,
Φ
(2),34
1,−1 =
3
4
(
yˆ1yˆ2yˆ2yˆ2 + yˆ2yˆ1yˆ2yˆ2 + yˆ2yˆ2yˆ1yˆ2 + yˆ2yˆ2yˆ2yˆ1
)
⊗
(
1 0
0 −1
)
,
Φ
(2),34
1,0 =
1
2
(
yˆ1yˆ1yˆ2yˆ2 + yˆ1yˆ2yˆ1yˆ2 + yˆ1yˆ2yˆ2yˆ1 + yˆ2yˆ1yˆ1yˆ2 + yˆ2yˆ1yˆ2yˆ1 + yˆ2yˆ2yˆ1yˆ1
)
⊗
(
1 0
0 −1
)
,
Φ
(2),34
1,+1 =
3
4
(
yˆ2yˆ1yˆ1yˆ1 + yˆ1yˆ2yˆ1yˆ1 + yˆ1yˆ1yˆ2yˆ1 + yˆ1yˆ1yˆ1yˆ2
)
⊗
(
1 0
0 −1
)
,
Φ
(2),34
1,+2 = 3 yˆ1yˆ1yˆ1yˆ1 ⊗
(
1 0
0 −1
)
, Φ˜
(2),1
3
2
,− 5
2
= −3i eipi4 yˆ2yˆ2yˆ2yˆ2yˆ2 k ⊗
(
1 0
0 −1
)
,
Φ˜
(2),1
3
2
,− 3
2
= −3i
5
ei
pi
4 yˆ(1yˆ2yˆ2yˆ2yˆ2) k ⊗
(
1 0
0 −1
)
,
Φ˜
(2),1
3
2
,− 1
2
= − 3i
10
ei
pi
4 yˆ(1yˆ1yˆ2yˆ2yˆ2) k ⊗
(
1 0
0 −1
)
,
Φ˜
(2),1
3
2
,+ 1
2
= − 3i
10
ei
pi
4 yˆ(2yˆ2yˆ1yˆ1yˆ1) k ⊗
(
1 0
0 −1
)
,
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Φ˜
(2),1
3
2
,+ 3
2
= −3i
5
ei
pi
4 yˆ(2yˆ1yˆ1yˆ1yˆ1) k ⊗
(
1 0
0 −1
)
, Φ˜
(2),1
3
2
,+ 5
2
= −3i eipi4 yˆ1yˆ1yˆ1yˆ1yˆ1 k ⊗
(
1 0
0 −1
)
,
Φ˜
(2),2
3
2
,− 5
2
= −3 eipi4 yˆ2yˆ2yˆ2yˆ2yˆ2 ⊗
(
1 0
0 1
)
, Φ˜
(2),2
3
2
,− 3
2
= −3
5
ei
pi
4 yˆ(1yˆ2yˆ2yˆ2yˆ2) ⊗
(
1 0
0 1
)
,
Φ˜
(2),2
3
2
,− 1
2
= − 3
10
ei
pi
4 yˆ(1yˆ1yˆ2yˆ2yˆ2) ⊗
(
1 0
0 1
)
, Φ˜
(2),2
3
2
,+ 1
2
= − 3
10
ei
pi
4 yˆ(2yˆ2yˆ1yˆ1yˆ1) ⊗
(
1 0
0 1
)
,
Φ˜
(2),2
3
2
,+ 3
2
= −3
5
ei
pi
4 yˆ(2yˆ1yˆ1yˆ1yˆ1) ⊗
(
1 0
0 1
)
, Φ˜
(2),2
3
2
,+ 5
2
= −3 eipi4 yˆ1yˆ1yˆ1yˆ1yˆ1 ⊗
(
1 0
0 1
)
,
Φ˜
(2),3
3
2
,− 5
2
= −3 eipi4 yˆ2yˆ2yˆ2yˆ2yˆ2 k ⊗
(
0 1
−1 0
)
, Φ˜
(2),3
3
2
,− 3
2
= −3
5
ei
pi
4 yˆ(1yˆ2yˆ2yˆ2yˆ2) k ⊗
(
0 1
−1 0
)
,
Φ˜
(2),3
3
2
,− 1
2
= − 3
10
ei
pi
4 yˆ(1yˆ1yˆ2yˆ2yˆ2) k ⊗
(
0 1
−1 0
)
,
Φ˜
(2),3
3
2
,+ 1
2
= − 3
10
ei
pi
4 yˆ(2yˆ2yˆ1yˆ1yˆ1) k ⊗
(
0 1
−1 0
)
,
Φ˜
(2),3
3
2
,+ 3
2
= −3
5
ei
pi
4 yˆ(2yˆ1yˆ1yˆ1yˆ1) ⊗
(
0 1
−1 0
)
,
Φ˜
(2),3
3
2
,+ 5
2
= −3 eipi4 yˆ1yˆ1yˆ1yˆ1yˆ1 k ⊗
(
0 1
−1 0
)
, Φ˜
(2),4
3
2
,− 5
2
= 3i ei
pi
4 yˆ2yˆ2yˆ2yˆ2yˆ2 k ⊗
(
0 1
1 0
)
,
Φ˜
(2),4
3
2
,− 3
2
=
3i
5
ei
pi
4 yˆ(1yˆ2yˆ2yˆ2yˆ2) k ⊗
(
0 1
1 0
)
, Φ˜
(2),4
3
2
,− 1
2
=
3i
10
ei
pi
4 yˆ(1yˆ1yˆ2yˆ2yˆ2) k ⊗
(
0 1
1 0
)
,
Φ˜
(2),4
3
2
,+ 1
2
=
3i
10
ei
pi
4 yˆ(2yˆ2yˆ1yˆ1yˆ1) k ⊗
(
0 1
1 0
)
, Φ˜
(2),4
3
2
,+ 3
2
=
3i
5
ei
pi
4 yˆ(2yˆ1yˆ1yˆ1yˆ1) k ⊗
(
0 1
1 0
)
,
Φ˜
(2),4
3
2
,+ 5
2
= 3i ei
pi
4 yˆ1yˆ1yˆ1yˆ1yˆ1 k ⊗
(
0 1
1 0
)
, Φ˜
(2)
2,−3 = −3 yˆ2yˆ2yˆ2yˆ2yˆ2yˆ2 ⊗
(
1 0
0 1
)
,
Φ˜
(2)
2,−2 = −
1
2
yˆ(1yˆ2yˆ2yˆ2yˆ2yˆ2) ⊗
(
1 0
0 1
)
, Φ˜
(2)
2,−1 = −
1
5
yˆ(1yˆ1yˆ2yˆ2yˆ2yˆ2) ⊗
(
1 0
0 1
)
,
Φ˜
(2)
2,0 = −
3
20
yˆ(1yˆ1yˆ1yˆ2yˆ2yˆ2) ⊗
(
1 0
0 1
)
, Φ˜
(2)
2,+1 = −
1
5
yˆ(2yˆ2yˆ1yˆ1yˆ1yˆ1) ⊗
(
1 0
0 1
)
,
Φ˜
(2)
2,+2 = −
1
2
(
yˆ(2yˆ1yˆ1yˆ1yˆ1yˆ1) ⊗
(
1 0
0 1
)
, Φ˜
(2)
2,+3 = −3 yˆ1yˆ1yˆ1yˆ1yˆ1yˆ1 ⊗
(
1 0
0 1
)
. (K.1)
The symmetrized product for the oscillators in these expressions (K.1) is used. For the third
and more N = 4 higher spin generators, we can use (7.19).
L The N = 2 wedge subalgebra of WN=4∞ [λ] algebra
After we consider the subalgebras of WN=4∞ [λ], we will compare it with N = 2 higher spin
algebra.
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L.1 The N = 2 wedge subalgebra of WN=4∞ [λ] algebra
In this Appendix, we select the relevant (anti)commutators appearing in Appendix G with
N = 2 supersymmetry. The N = 2 superconformal algebra, by recalling the description of
sections 5 and 7, is described by[
Lm, Ln
]
= (m− n)Lm+n − m(m2 − 1) N
2
(λ− 1) δm+n ,[
Lm,Φ
(1)
0,n
]
= −n Φ(1)0,m+n ,
[
Lm,Φ
(1),2
1
2
,r
]
= (
m
2
− r) Φ(1),21
2
,m+r
,[
Lm, G
2
r
]
= (
m
2
− r)G2m+r ,
[
Φ
(1)
0,m,Φ
(1)
0,n
]
= −2 m N(λ− 1) δm+n ,[
Φ
(1)
0,m,Φ
(1),2
1
2
,r
]
= G2m+r ,
[
Φ
(1)
0,m, G
2
1
2
,r
]
= Φ
(1),2
1
2
,m+r
,{
Φ
(1),2
1
2
,r
,Φ
(1),2
1
2
,s
}
= −2Lr+s − (4m2 − 1) N
2
(λ− 1) δr+s ,{
G2r , G
2
s
}
= 2Lr+s + (4m
2 − 1) N
2
(λ− 1) δr+s ,{
Φ
(1),2
1
2
,r
, G2s
}
= (r − s) Φ(1)0,r+s . (L.1)
The primary condition for the higher spin currents under the stress energy tensor can be
summarized by[
Lm,Φ
(2)
0,n
]
= (m− n) Φ(2)0,m+n ,
[
Lm,Φ
(2),2
1
2
,r
]
= (
3m
2
− r) Φ(2),21
2
,m+r
,[
Lm, Φ˜
(1),2
3
2
,r
]
= (
3m
2
− r) Φ˜(1),23
2
,m+r
,
[
Lm, Φ˜
(1)
2,n
]
= (2m− n) Φ˜(1)2,m+n . (L.2)
The remaining N = 2 primary condition can be described as[
Φ
(1)
0,m,Φ
(2)
0,n
]
= 0 ,
[
Φ
(1)
0,m,Φ
(2),2
1
2
,r
]
= −2 Φ˜(1),23
2
,m+r
,[
Φ
(1)
0,m, Φ˜
(1),2
3
2
,r
]
= −1
2
Φ
(2),2
1
2
,m+r
− 8
3
m (2λ− 1) G2 + 4i m(3m + 2r) λ(λ− 1) Γ2m+r ,[
Φ
(1)
0,m, Φ˜
(1)
2,n
]
= 2m Φ
(2)
0,m+n + 8 m(2m + n) λ(λ− 1) Um+n ,[
Φ
(1),2
1
2
,r
,Φ
(2)
0,m
]
= 2 Φ˜
(1),2
3
2
,r+m
,
{
Φ
(1),2
1
2
,r
,Φ
(2),2
1
2
,s
}
= −2 Φ˜(1)2,r+s ,{
Φ
(1),2
1
2
,r
, Φ˜
(1),2
3
2
,s
}
= −1
2
(3r − s) Φ(2)0,r+s − 4(m2 −
1
4
) λ(λ− 1) Ur+s ,[
Φ
(1),2
1
2
,r
, Φ˜
(1)
2,m
]
=
1
2
(4r −m) Φ(2),21
2
,r+m
+
1
6
(r2 − 1
4
) (2λ− 1) G2r+m
− i
4
(r2 − 1)(4r + 3m)λ(λ− 1) Γ2r+m ,[
G2r,Φ
(2)
0,m
]
= −Φ(2),21
2
,r+m
,
{
G2r,Φ
(2),2
1
2
,s
}
= −(3r − s) Φ(2)0,r+s ,{
G2r , Φ˜
(1),2
3
2
,s
}
= − Φ˜(1)2,r+s −
8
3
(r2 − 1
4
)(2λ− 1) Φ(1)0,r+s ,[
G2r, Φ˜
(1)
2,m
]
= −(4r −m) Φ˜(1),23
2
,r+m
+
8
3
(r2 − 1
4
) (2λ− 1) Φ(1),21
2
,r+m
. (L.3)
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The whole N = 2 primary conditions are given by (L.2) and (L.3).
The (anti)commutators between the N = 2 higher spin currents with the descriptions of
sections 5 and 7 are summarized by
[
Φ
(2)
0,m,Φ
(2)
0,n
]
=
8
3
(m− n)(2λ− 1) Φ(2)0,m+n −
64
9
(m− n)(λ+ 1)(λ− 2)Lm+n
+ m(m2 − 1) 32 N
9
(λ+ 1)(λ− 1)(λ− 2) δm+n ,[
Φ
(2)
0,m, Φ˜
(1),2
3
2
,r
]
= −1
6
Φ
(3),2
1
2
,m+r
+
8
15
(3m− 2r)(2λ− 1) Φ˜(1),23
2
,m+r
+
2
9
(12m2 − 8mr + 4r2 − 9)(λ+ 1)(λ− 2) Φ(1),21
2
,m+r
,[
Φ
(2)
0,m, Φ˜
(1)
2,n
]
=
1
3
(2m− n) Φ(3)0,m+n +
8
15
(2m− n)(2λ− 1) Φ˜(1)2,m+n
− 32
9
m(m2 − 1)(λ+ 1)(λ− 2) Φ(1)0,m+n ,{
Φ
(2),2
1
2
,r
, Φ˜
(1),2
3
2
,s
}
= −1
2
(r − s) Φ(3)0,r+s +
4
9
(r − s)(2r2 + 2s2 − 5)(λ+ 1)(λ− 2) Φ(1)0,r+s
+
8
15
(r − s)(2λ− 1) Φ˜(1)2,r+s ,[
Φ
(2),2
1
2
,r
, Φ˜
(1)
2,m
]
=
1
6
(4r − 3m) Φ(3),21
2
,r+m
− 4
15
(4r2 − 4rm+ 2m2 − 5)(2λ− 1) Φ˜(1),23
2
,r+m
− 2
9
(16r3 − 12r2m+ 8rm2 − 36r + 19m− 4m3)(λ+ 1)(λ− 2) Φ(1),21
2
,r+m
,{
Φ˜
(1),2
3
2
,r
, Φ˜
(1),2
3
2
,s
}
=
1
2
Φ˜
(2)
2,r+s
+ (6r2 − 8rs+ 6s2 − 9)
( 1
15
(2λ− 1) Φ(2)0,r+s −
4
9
(λ+ 1)(λ− 2)Lr+s
)
+ (m2 − 1
4
)(m2 − 9
4
)
8 N
9
(λ+ 1)(λ− 1)(λ− 2) δr+s ,[
Φ˜
(1),2
3
2
,r
, Φ˜
(1)
2,m
]
=
1
2
(4r − 3m) Φ˜(2),23
2
,r+m
− 1
15
(4r2 − 4rm+ 2m2 − 5)(2λ− 1) Φ(2),21
2
,r+m
+
1
9
(16r3 − 12r2m+ 8rm2 − 36r + 19m− 4m3)(λ+ 1)(λ− 2)G2r+m ,[
Φ˜
(1)
2,m, Φ˜
(1)
2,n
]
= 2 (m− n) Φ˜(2)2,m+n
+ (m− n)(2m2 −mn + 2n2 − 8)
×
( 2
15
(2λ− 1) Φ(2)0,m+n −
16
9
(λ+ 1)(λ− 2)Lm+n
)
+ m(m2 − 1)(m2 − 4) 8 N
9
(λ+ 1)(λ− 1)(λ− 2) δm+n . (L.4)
There are also two relations
[
Φ
(2)
0,m,Φ
(2),2
1
2
,r
]
= −2 Φ˜(2),23
2
,m+r
+
8
15
(3m− 2r)(2λ− 1) Φ(2),21
2
,m+r
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− 9
4
(12m2 − 8mr + 4r2 − 9)(λ+ 1)(λ− 2)G2m+r,{
Φ
(2),2
1
2
,r
,Φ
(2),2
1
2
,ρ
}
= −2 Φ˜(2)2,r+ρ (L.5)
+ (6r2 − 8rρ+ 6ρ2 − 9)
(16
9
(λ+ 1)(λ− 2)Lr+ρ + 4
15
(2λ− 1) Φ(2)0,r+ρ
)
,
where we do not see the contributions from the outside of the wedge.
L.2 The N = 2 wedge subalgebra of WN=2∞ [λ] algebra and the N = 2
higher spin algebra shs[λ]
Let us return to the work of [30]. We can collect the relevant (anti)commutators. By linear
combinations of the above (anti)commutators in (L.1)-(L.5) with the help of (5.1), (5.2), and
(5.3), we can check the corresponding ones written in terms of the notations in [30]
[Lm, Ln] = (m− n)Lm+n + c
12
m(m2 − 1)δm+n,0 ,
[Lm, Jn] = −nJm+n , [Lm, G±r ] =
(
m
2
− r
)
G±m+r ,
[Jm, Jn] = m
c
3
δm+n,0 , [Jm, G
±
r ] = ±G±m+r ,
{G+r , G−s } = 2Lr+s + (r − s)Jr+s +
c
3
(
r2 − 1
4
)
δr+s,0 , {G±r , G±s } = 0 ,
[Lm,W
s 0
n ] = [(s− 1)m− n]W s 0m+n , [Lm,W s±r ] =
[(
s− 1
2
)
m− r
]
W s±m+r ,
[Lm,W
s 1
n ] = [sm− n]W s 1m+n , [Jm,W s0n ] = 0 , [Jm,W s±r ] = ±W s±m+r ,
[Jm,W
s 1
n ] = s m W
s 0
m+n , [G
±
r ,W
s 0
n ] = ∓W s±r+n ,
{G±r ,W s∓t } = ±[(2s− 1)r − t]W s 0r+t + 2W s 1r+t , {G±r ,W s±t } = 0 ,
[G±r ,W
s 1
m ] =
1
2
[(2r + 1)s− 2−m]W s±r+m ,
[W 2 0m , W
2 0
n ] = (m− n)A [2]m+n +
c
12
m(m2 − 1)δm+n,0 ,
[W 2 1m , W
2 1
n ] =
c
48
m(m2 − 1)(m2 − 4)δm+n,0 + (m− n)(2m2 −mn+ 2n2 − 8)B[2]m+n
+ (m− n)
(
B
[4]
m+n − 2c322W 3 1m+n
)
,
[W 2 0m , W
2 1
n ] = C
[4]
m+n + (2m− n)
(
C
[3]
m+n − c322W 3 0m+n
)
+ (6m2 − 3mn + n2 − 4)C [2]m+n + m(m2 − 1)C [1]m+n ,
{W 2+r , W 2−s } =
(
D
[4]
r+s − 2c322W 3 1r+s
)
+ (r − s)
(
D
[3]
r+s − 3c322W 3 0r+s
)
+
(
3r2 − 4rs+ 3s2 − 9
2
)
D
[2]
r+s + (r − s)
(
r2 + s2 − 5
2
)
D
[1]
r+s
+
c
12
(
r2 − 1
4
)(
r2 − 9
4
)
δr+s,0 ,
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{W 2+r , W 2+s } = E [4]r+s ,
[W 2 0m , W
2+
r ] =
(
Φ
[7/2]
m+r − c322W 3+m+r
)
+
(
3
2
m− r
)
Φ
[5/2]
m+r
+
(
3m2 − 2mr + r2 − 9
4
)
Φ
[3/2]
m+r ,
[W 2+r , W
2 1
m ] = Ψ
[9/2]
r+m +
(
2r − 3
2
m
) (
Ψ
[7/2]
r+m − c322W 3+r+m
)
+
(
2r2 − 2rm+m2 − 5
2
)
Ψ
[5/2]
r+m
+
(
4r3 − 3r2m+ 2rm2 −m3 − 9r + 19
4
m
)
Ψ
[3/2]
r+m . (L.6)
The first four lines correspond to (L.1), the next five lines correspond to (L.2) and (L.3), and
the last lines correspond to (L.4) and (L.5). Note that the quantities A [s],B[s],C [s], D [s], E [s],
Φ[s] and Ψ[s] in (L.6) are found in [55]. Under the large (N, k) ’t Hooft-like limit, we have the
following nonzero contributions with explicit λ-dependent terms
A
[2] → −1
3
(λ+ 1)(λ− 2)L− 1√
3
(2λ− 1)W 2 0 ,
B
[2] → − 1
12
(λ+ 1)(λ− 2)L− 1
20
√
3
(2λ− 1)W 2 0 ,
C
[3] → − 1
5
√
3
(2λ− 1)W 2 1 , D [3] → 1
5
√
3
(2λ− 1)W 2 1 ,
D
[2] → −1
6
(λ+ 1)(λ− 2)L− 1
5
√
3
(2λ− 1)W 2 0 ,
D
[1] → − 1
12
(λ+ 1)(λ− 2) J , Φ[5/2] → − 2
5
√
3
(2λ− 1)W 2+ ,
Φ[3/2] → − 1
12
(λ+ 1)(λ− 2)G+ , Ψ[5/2] → − 1
10
√
3
(2λ− 1)W 2+ ,
Ψ[3/2] → − 1
24
(λ+ 1)(λ− 2)G+ . (L.7)
Therefore, by substituting (L.7) into (L.6), our N = 2 wedge subalgebra of WN=4∞ [λ]
algebra reproduces the N = 2 higher spin algebra [27], which is equal to N = 2 wedge
subalgebra of WN=2∞ [λ] algebra from the observation of [30].
In (7.20), we explicitly check that the structure constants in the right hand side can be
written in terms of the ones in [27]. There are also other (anti)commutators in addition to
(7.20) as follows:
[W 2 0m , W
2+
r ] = −
1
6
√
(1−m)!(1 +m)!(3
2
− r)!(3
2
+ r)!
×
( 1
2∑
m′′=− 1
2
√√√√ 1
2(1
2
−m− r)!(1
2
+m+ r)!
(
(λ+ 1) f
1 3
2
1
2
TΨΨ + (λ− 2) f 1
3
2
1
2
UΨΨ
)
C
1 3
2
1
2
mrm′′ G
+
m′′
90
−
3
2∑
m′′=− 3
2
√√√√ 3
(3
2
−m− r)!(3
2
+m+ r)!
(
(λ+ 1) f
1 3
2
3
2
TΨΨ + (λ− 2) f 1
3
2
3
2
UΨΨ
)
C
1 3
2
3
2
mrm′′ W
2+
m′′
−
5
2∑
m′′=− 5
2
10 c22,3
√√√√ 2
3(5
2
−m− r)(5
2
+m+ r)
(
(λ+ 1)f
1 3
2
5
2
TΨΨ + (λ− 2)f 1
3
2
5
2
UΨΨ
)
C
1 3
2
5
2
mrm′′W
3+
m′′
)
,
[W 2 0m , W
2−
r ] = −
1
6
√
(1−m)!(1 +m)!(3
2
− r)!(3
2
+ r)!
×
( 1
2∑
m′′=− 1
2
√√√√ 1
2(1
2
−m− r)!(1
2
+m+ r)!
(
(λ+ 1) f
1 3
2
1
2
T Ψ¯Ψ¯
+ (λ− 2) f 1
3
2
1
2
UΨ¯Ψ¯
)
C
1 3
2
1
2
mrm′′ G
−
m′′
−
3
2∑
m′′=− 3
2
√√√√ 3
(3
2
−m− r)!(3
2
+m+ r)!
(
(λ+ 1) f
1 3
2
3
2
T Ψ¯Ψ¯
+ (λ− 2) f 1
3
2
3
2
UΨ¯Ψ¯
)
C
1 3
2
3
2
mrm′′ W
2−
m′′
−
5
2∑
m′′=− 5
2
10c22,3
√√√√ 2
3(5
2
−m− r)(5
2
+m+ r)
(
(λ+ 1)f
1 3
2
5
2
T Ψ¯Ψ¯
+ (λ− 2)f 1
3
2
5
2
UΨ¯Ψ¯
)
C
1 3
2
5
2
mrm′′W
3−
m′′
)
,
[W 2 0m , W
2 1
n ] =
1
3
√
30
√√√√(1−m)!(1−m)!(2− n)!(2 + n)!
(2−m− n)!(2 +m+ n)!
×
(
5
√
3 c22,3
(
(λ+ 1) f 1 2 2TTT − (λ− 2) f 1 2 2UUU
)
C1 2 2mnm+nW
3 0
m+n
−
(
3(λ+ 1)(λ− 3) f 1 2 2TTT − 3(λ+ 2)(λ− 2) f 1 2 2UUU
)
C1 2 2mnm+nW
2 1
m+n
)
,
[W 2+r , W
2+
ρ ] = 0 ,
[W 2+r , W
2−
ρ ] =
1
3
√
(
3
2
− r)!(3
2
+ r)!(
3
2
− ρ)!(3
2
+ ρ)!
×
(
1
(2λ− 1)
√
(−r − ρ)!(r + ρ)!
(
− λ f
3
2
3
2
0
ΨΨ¯T
+ (λ− 1) f
3
2
3
2
0
ΨΨ¯U
)
C
3
2
3
2
0
r ρ 0 J0
+
1∑
m′′=−1
2
3
√
(1− r − ρ)!(1 + r + ρ)!
(
(λ− 2) f
3
2
3
2
1
ΨΨ¯T − (λ+ 1) f
3
2
3
2
1
ΨΨ¯U
)
C
3
2
3
2
,1
r ρm′′ Lm′′
+
1∑
m′′=−1
2√
3(1− r − ρ)!(1 + r + ρ)!
(
f
3
2
3
2
1
ΨΨ¯T
− f
3
2
3
2
1
ΨΨ¯U
)
C
3
2
3
2
1
r ρm′′ W
2 0
m′′
+
2∑
m′′=−2
4 c22,3√
(2− r − ρ)!(2 + r + ρ)!
(
f
3
2
3
2
2
ΨΨ¯T
− f
3
2
3
2
,2
ΨΨ¯U
)
C
3
2
3
2
2
r ρm′′ W
3 0
m′′
−
2∑
m′′=−2
4
√
3
5
√
(2− r − ρ)!(2 + r + ρ)!
(
(λ− 3) f
3
2
3
2
2
ΨΨ¯T
− (λ+ 2) f
3
2
3
2
2
ΨΨ¯U
)
C
3
2
3
2
2
r ρm′′ W
2 1
m′′
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+
3∑
m′′=−3
40 c22,3 c23,4√
3(3− r − ρ)!(3 + r + ρ)!
(
f
3
2
3
2
3
ΨΨ¯T
− f
3
2
3
2
3
ΨΨ¯U
)
C
3
2
3
2
3
r ρm′′ W
4 0
m′′
−
3∑
m′′=−3
40 c22,3
7
√
(3− r − ρ)!(3 + r + ρ)!
(
(λ− 4) f
3
2
3
2
3
ΨΨ¯T
− (λ+ 3) f
3
2
3
2
3
ΨΨ¯U
)
C
3
2
3
2
3
r ρm′′ W
3 1
m′′
)
,
[W 2+r , W
2 1
m ] =
1
12
√
(
3
2
− r)!(3
2
+ r)!(2−m)!(2 +m)!
×
( 1
2∑
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2
1√
2(1
2
− r −m)!(1
2
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(
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2 3
2
1
2
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2 3
2
1
2
UΨΨ
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2 3
2
1
2
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2
√
3√
(3
2
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2
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(
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2 3
2
3
2
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2 3
2
3
2
UΨΨ
)
C
2 3
2
3
2
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2+
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−
5
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2
10
√
2 c22,3√
3(5
2
− r −m)!(5
2
+ r +m)!
(
f
2 3
2
5
2
TΨΨ + f
2 3
2
5
2
UΨΨ
)
C
2 3
2
5
2
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)
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[W 2−r , W
2−
ρ ] = 0 ,
[W 2−r , W
2 1
m ] =
1
12
√
(
3
2
− r)!(3
2
+ r)!(2−m)!(2 +m)!
×
( 1
2∑
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2
1√
2(1
2
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2
+ r +m)!
(
f
2 3
2
1
2
T Ψ¯Ψ¯
+ f
2 3
2
1
2
UΨ¯Ψ¯
)
C
2 3
2
1
2
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−
m′′
−
3
2∑
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2
√
3√
(3
2
− r −m)!(3
2
+ r +m)!
(
f
2 3
2
3
2
T Ψ¯Ψ¯
+ f
2 3
2
3
2
UΨ¯Ψ¯
)
C
2 3
2
3
2
rmm′′ W
2−
m′′
−
5
2∑
m′′=− 5
2
10
√
2 c22,3√
3(5
2
− r −m)!(5
2
+ r +m)!
(
f
2 3
2
5
2
T Ψ¯Ψ¯
+ f
2 3
2
5
2
UΨ¯Ψ¯
)
C
2 3
2
5
2
r mm′′ W
2−
m′′
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,
[W 2 1m , W
2 1
n ] =
1
48
√
(2−m)!(2 +m)!(2− n)!(2 + n)!
×
(
1∑
m′′=−1
2
3
√
(1−m− n)!(1 +m+ n)!
(
(λ− 2)f 2 2 1TTT − (λ+ 1)f 2 2 1UUU
)
C2 2 1rmm′′ Lm′′
+
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m′′=−1
2
3
√
(1−m− n)!(1 +m+ n)!
(
f 2 2 1TTT − f 2 2 1UUU
)
C2 2 1r mm′′ W
2 0
m′′
−
3∑
m′′=−3
40 c22,3
7
√
(3−m− n)!(3 +m+ n)!
(
(λ− 4)f 2 2 3TTT − (λ+ 3)f 2 2 3UUU
)
C2 2 3rmm′′ W
3 1
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4 c22,3 c23,4√
3(3−m− n)!(3 +m+ n)!
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f 2 2 3TTT − f 2 2 3UUU
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4 0
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)
, (L.8)
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where the λ-dependent structure constants in [27] are given by
f 1 1 1TTT = −2
√
2, f 1 1 1UUU = −2
√
2,
f
1 3
2
1
2
TΨΨ =
1√
3
(λ+ 1)(λ− 2), f 1
3
2
3
2
TΨΨ =
1√
15
(λ− 8),
f
1 3
2
5
2
TΨΨ = −
3√
5
, f
1 3
2
1
2
UΨΨ = −
1√
3
(λ+ 1)(λ− 2),
f
1 3
2
3
2
UΨΨ = −
1√
15
(λ+ 7), f
1 3
2
5
2
UΨΨ =
3√
5
,
f
1 3
2
1
2
T Ψ¯Ψ¯
= − 1√
3
(λ+ 1)(λ− 2), f 1
3
2
3
2
T Ψ¯Ψ¯
=
1√
15
(λ− 8),
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1 3
2
5
2
T Ψ¯Ψ¯
=
3√
5
, f
1 3
2
1
2
UΨ¯Ψ¯
=
1√
3
(λ+ 1)(λ− 2),
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1 3
2
3
2
UΨ¯Ψ¯
= − 1√
15
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1 3
2
5
2
UΨ¯Ψ¯
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5
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f 1 2 2TTT = −2
√
6, f 1 2 2UUU = −2
√
6,
f
3
2
3
2
0
ΨΨ¯T
=
1
2
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3
2
3
2
1
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1
2
√
5
(λ+ 1)(λ− 8),
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3
2
3
2
2
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3
2
3
2
3
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3
2
√
5
,
f
3
2
3
2
0
ΨΨ¯U
=
1
2
(λ+ 1)(λ− 1)(λ− 2), f
3
2
3
2
1
ΨΨU =
1
2
√
5
(λ− 2)(λ+ 7),
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3
2
3
2
2
ΨΨU = −
1
2
(λ− 5), f
3
2
3
2
3
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3
2
√
5
,
f
2 3
2
1
2
TΨΨ = −
1√
5
(λ+ 1)(λ− 2)(λ− 3), f 2
3
2
3
2
TΨΨ =
1√
5
(λ+ 4)(λ− 3),
f
2 3
2
5
2
TΨΨ =
√
3
35
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3
2
1
2
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1√
5
(λ+ 1)(λ+ 2)(λ− 2),
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2
3
2
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1√
5
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3
2
5
2
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√
3
35
(λ+ 10),
f
2 3
2
1
2
T Ψ¯Ψ¯
= − 1√
5
(λ+ 1)(λ− 2)(λ− 3), f 2
3
2
3
2
T Ψ¯Ψ¯
= − 1√
5
(λ+ 4)(λ− 3),
f
2 3
2
5
2
T Ψ¯Ψ¯
=
√
3
35
(λ− 11), f 2
3
2
1
2
UΨ¯Ψ¯
=
1√
5
(λ+ 1)(λ+ 2)(λ− 2),
f
2 3
2
3
2
UΨ¯Ψ¯
=
1√
5
(λ+ 2)(λ− 5), f 2
3
2
5
2
UΨ¯Ψ¯
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√
3
35
(λ+ 10),
f 2 2 1TTT = 6
√
2
5
(λ+ 1)(λ− 3), f 2 2 3TTT = −12
√
2
5
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f 2 2 1UUU = 6
√
2
5
(λ+ 2)(λ− 2), f 2 2 3UUU = −12
√
2
5
. (L.9)
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The c22,3 and c23,4 are the structure constants. Note that the mode index m
′′ in the right hand
side of (L.8) is equal to the sum of two indices of the left hand side according to the definition
in the footnote 38. For the term ofW 40 in the anticommutator of higher spin-5
2
generator and
the higher spin-5
2
generator, the coefficient is equal to zero because the structure constants f
are equal to each other from (L.9). Then there is no contribution for this generator in this
anticommutator. This feature also occurs at the last relation of (L.8) 47.
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